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A rigorous and practical approach for simulations of nonadiabatic quantum dynamics is introduced.
The algorithm involves a natural extension of the matching-pursuit/split-operator Fourier-transform
共MP/SOFT兲 method 关Y. Wu and V. S. Batista, J. Chem. Phys. 121, 1676 共2004兲兴 recently developed
for simulations of adiabatic quantum dynamics in multidimensional systems. The MP/SOFT
propagation scheme, extended to nonadiabatic dynamics, recursively applies the time-evolution
operator as defined by the standard perturbation expansion to first-, or second-order, accuracy. The
expansion is implemented in dynamically adaptive coherent-state representations, generated by an
approach that combines the matching-pursuit algorithm with a gradient-based optimization method.
The accuracy and efficiency of the resulting propagation method are demonstrated as applied to the
canonical model systems introduced by Tully for testing simulations of dual curve-crossing
nonadiabatic dynamics. © 2005 American Institute of Physics. 关DOI: 10.1063/1.1881132兴
I. INTRODUCTION

Nonadiabatic quantum dynamics is a ubiquitous phenomenon in physical, chemical, and biological processes.1,2
Describing nonadiabatic quantum dynamics at the most fundamental level of theory, however, requires solving the
coupled system of differential equations defined by the timedependent Schrödinger equation. In recent years, much effort
has been devoted to the development of numerically exact
methods3–15 for wave-packet propagation based on the splitoperator Fourier-transform 共SOFT兲 approach,16–18 the
Chebyshev expansion,19 and the short iterative Lanczos20 algorithms. While rigorous, these approaches are limited to
systems with very few degrees of freedom 共e.g., molecular
systems with less than 3 or 4 atoms兲 since they require storage space and computational effort that scale exponentially
with the number of coupled degrees of freedom. Such an
exponential scaling problem has limited studies of nonadiabatic dynamics in complex molecular systems to approximate methods built around semiclassical and mixed
quantum-classical treatments.21–35 However practical, these
approximate approaches require a compromise between accuracy and feasibility and rely on ad hoc approximations
whose resulting consequences are often difficult to quantify
in applications to complex 共nonintegrable兲 dynamics. It is,
therefore, essential to develop practical methods for numerically exact simulations in order to validate approximate approaches and provide new insights into the nature of quantum processes. This paper describes an extension of the
recently developed matching-pursuit/split-operator Fouriertransform 共MP/SOFT兲 method36–38 to simulations of nonadiabatic quantum dynamics. The accuracy and efficiency of
a兲
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the extended MP/ SOFT method are demonstrated as applied
to benchmark simulations of dual curve-crossing dynamics.
The MP/SOFT method36–38 has been recently introduced
in an effort to develop a simple and rigorous time-dependent
method for simulations of quantum processes in multidimensional systems. The MP/SOFT methodology is based on the
recursive application of the time-evolution operator, as defined by the Trotter expansion to second-order accuracy, to
nonorthogonal and dynamically adaptive coherent-state representations generated according to the matching-pursuit
algorithm.39 The main advantage of this approach relative to
the standard grid-based SOFT method is that the coherentstate expansions allow for an analytic implementation of the
Trotter expansion, bypassing the exponential scaling problem
associated with the fast-Fourier-transform 共FFT兲 algorithm
of usual grid-based implementations. When compared to
other time-dependent methods based on coherent-state
expansions,40–53 the MP/SOFT method has the advantage of
avoiding the usual need of solving a coupled system of differential equations for propagating expansion coefficients.
Further, the MP/SOFT method implements a successive orthogonal decomposition scheme that overcomes the usual
numerical difficulties due to overcompleteness introduced by
nonorthogonal basis functions.7 The main drawback of the
MP/SOFT method is that it requires generating a new
coherent-state expansion of the time evolving state for each
propagation step. However, the underlying computational
task can be trivially parallelized.
To date, the capabilities of the MP/SOFT method have
been demonstrated in application to simulations of adiabatic
quantum dynamics, including simulations of tunneling dynamics in model systems with up to 20 coupled degrees of
freedom.38 In a recent development, the approach has been
generalized to provide accurate descriptions of thermal-
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equilibrium density matrices, finite-temperature timedependent expectation values, and time-correlation
functions.54 There remains, however, the nontrivial question
as to whether the MP/SOFT methodology can be easily
implemented to model nonadiabatic processes. This paper
concludes the affirmative, that such a methodology can indeed be effectively applied to simulations of nonadiabatic
dynamics simply by describing nonadiabaticity according to
a short-time approximation of the time-evolution operator as
defined by the perturbation expansion to first-, or secondorder, accuracy. While the paper is focused only on validating the MP/SOFT methodology by performing rigorous comparisons with benchmark calculations for reduceddimensional model systems, the results at least suggest the
potential for application of the MP/SOFT method to the description of nonadiabatic dynamics in complex 共i.e., nonintegrable兲 quantum dynamics.
This paper is organized as follows. Section II describes
the extension of the MP/SOFT method to simulations of
nonadiabatic quantum dynamics according to the successive
implementation of the time-evolution operator, as defined by
a time-dependent perturbation theory expansion. Section III
presents the numerical results of a series of benchmark calculations of dual curve-crossing nonadiabatic dynamics
simulations. Section IV summarizes and concludes.
II. METHODS

The generalization of the MP/SOFT method to nonadiabatic dynamics is based on the recursive application of the
time-evolution operator as defined by the standard perturbation expansion,
e
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with  a sufficiently short time increment for the evolution of
the system according to the Hamiltonian
Ĥ = Ĥ0 + Ĥ1 ,

共2兲

where Ĥ0 and Ĥ1 are defined in the basis set of diabatic states
共e.g., electronic states兲 as follows:
n

p̂2
+
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and

between potential-energy surfaces. To keep the notation as
simple as possible, all expressions are written in massweighted coordinates and atomic units, so that all degrees of
freedom have the same mass m and ប = 1.
The perturbation expansion, introduced by Eq. 共1兲, can
be approximated for sufficiently small propagation time increments  as follows:
ˆ
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where the first-order term in Eq. 共1兲 has been evaluated according to the “midpoint” approximation 共i.e., t1 = 兲 and the
second-order term was evaluated according to the “center-ofmass” approximation 共i.e., t1 = 2 / 3 and t2 = 4 / 3兲. The extension of the MP/SOFT method, introduced in this paper,
recursively implements the time-evolution operator, as defined in Eq. 共5兲, to first, or second, order.
In order to describe the MP/SOFT implementation of Eq.
共5兲 to first-order accuracy, consider a two-level system 共n
= 2兲 described by the time-dependent wave function,
兩⌿共x;t兲典 = 1共x;t兲兩1典 + 2共x;t兲兩2典,

共6兲

where  j共x ; t兲 is the time-dependent wave-packet component
associated with diabatic state 兩j典. Note that generalizations to
multiple-level systems, or higher order of perturbation theory
共e.g., second-order accuracy兲, are straightforward.
The implementation of Eq. 共5兲 to first order requires the
following steps:
• Step 关I兴. Propagate the wave-packet components
1共x ; t兲 and 2共x ; t兲 adiabatically for time ,
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• Step 关II兴. Mix the two wave-packet components,
1⬘共x ; t + 兲 and 2⬘共x ; t + 兲,

⬙1共x;t + 兲 = 1⬘共x;t + 兲 − i2Vc共x兲2⬘共x;t + 兲,
⬙2共x;t + 兲 = 2⬘共x;t + 兲 − i2Vc共x兲1⬘共x;t + 兲.

共8兲

• Step 关III兴. Propagate the mixed wave-packet components, 1⬙共x ; t + 兲 and ⬙2共x ; t + 兲, adiabatically for time
,
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Step 关III兴 is, however, combined with step 关I兴 of the
next propagation time sliced for all but the last propagation time increment.

Note that the unperturbed Hamiltonian Ĥ0 describes the adiabatic dynamics of coordinates x 共e.g., nuclear coordinates兲
on the uncoupled potential-energy surfaces Vk共x兲, while the
perturbation Ĥ1 introduces the nonadiabatic couplings Vc共x兲

The mixing of wave-packet components in step 关II兴 can
be implemented analytically whenever the couplings Vc共x兲
are Gaussians 共e.g., see the first two model systems in Sec.
III兲 since 1⬘ and 2⬘ are coherent-state expansions 关i.e., see

n

Ĥ1 =

n

兺 Vc共x̂兲兩j典具k兩.
兺
k=1 j⫽k
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Eq. 共11兲兴. In general, however, mixing the wave-packet components 1⬘ and ⬘2 requires expanding the target states 1⬙
and ⬙2 in matching-pursuit coherent-states expansions 共vide
infra兲.
Steps 关I兴 and 关III兴 involve the adiabatic propagation of
the wave-packet components according to the MP/SOFT
implementation of the Trotter expansion,
e−i
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⬇ e−iVi共x̂兲/2e−i 2m e−iVi共x̂兲/2 ,

共10兲

as described in Ref. 38. Such an approach can be outlined as
follows:
• Step 关1兴. Decompose the target functions l⬘共x ; t兲
⬅ e−iV共x̂兲/2l共x ; t兲, where l = 1, and 2, into a matchingpursuit coherent-state expansion,
n
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• Step 关2兴. Apply the kinetic part of the Trotter expansion
to ⬘l 共x ; t兲 by first Fourier transforming the coherentstate expansion of ⬘l 共x ; t兲 to the momentum representation, then multiplying it by exp关−i共p2 / 2m兲兴, and finally inverse Fourier transforming the product back to
the coordinate representation to obtain
n

⬙l 共x;t兲 = 兺 c j具x兩˜ j典,

共13兲
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冑

再

l共x;t + 兲 = 兺 c je−iV共x兲/2具x兩˜ j典,

which can be reexpanded in coherent states, as in step
关1兴.
Note that, since step 关2兴 is implemented analytically, the
underlying computational task necessary for nonadiabatic
propagation is completely reduced to generating the
coherent-state expansions introduced in Eq. 共11兲 and in the
mixing step.
Coherent-state expansions are obtained by combining
the matching-pursuit algorithm with a gradient-based optimization technique as follows:
• Step 关1.1兴. Starting from an initial trial coherent state
兩 j典, optimize both the real and imaginary parts of the
parameters x j共k兲, p j共k兲, and ␥ j共k兲 so that it locally maximizes the overlap with the target state 兩⬘l 共t兲典. Note that
coherent-state parameters ␥ j共k兲, x j共k兲, and p j共k兲 are initially chosen as defined by the basis elements of previous representations 共or the initial state兲 and are allowed
to locally relax according to a steepest-descent optimization process. The state 兩1典 that locally maximizes the
overlap with the target state is the first basis function in
the expansion on which the target state is projected as
follows:
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2i
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The time-evolved wave-function components are thus

共16兲

where c1 ⬅ 具1 兩 l⬘共t兲典 and 1 is the residue after the first
expansion. Note that 1 is orthogonal to 兩1典 due to the
definition of c1.
• Step 关1.2兴. Replacing the target state by 1, go to step
关1.1兴 to subdecompose 1 by its locally optimum match
兩2典 as follows:
兩1典 = c2兩2典 + 兩2典,

共17兲

where c2 ⬅ 具2 兩 2典. Similarly, 兩2典 is orthogonal to 兩1典
and hence, 兩2兩 艋 兩1兩.
Step 关1.2兴 is repeated each time on the following residue.
After n successive orthogonal projections, the norm of the
residue is smaller than a desired precision ,
兩n兩 =

m
m + i␥ j共k兲

共15兲

j=1

兩l⬘共t兲典 = c1兩1典 + 兩1典,

where A j共k兲 are normalization factors and ␥ j共k兲, x j共k兲,
and p j共k兲 are complex-valued parameters selected according to the matching-pursuit algorithm, as described
later in this section. The expansion coefficients c j are
defined as follows: c1 ⬅ 具1 兩 l⬘典 and c j ⬅ 具 j 兩 l⬘典
j−1
ck具 j 兩 k典 for j = 2 − N.
− 兺k=1

N

n

冑

1−

n

c2j 艋 ,
兺
j=1

共18兲

and the resulting expansion is obtained.
Note that the propagation scheme described in this section is a natural generalization of the method described in
Ref. 38, since in the limiting case of adiabatic quantum dynamics 关i.e., Vc共x兲 = 0兴 the two methods are identical. It is
important to mention, however, that since the extension to
nonadiabatic dynamics involves a perturbation expansion
that does not conserve the norm of the wave packet, the
results may need to be renormalized at any desired time according to the corresponding level of perturbation theory.
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III. RESULTS

This section demonstrates the capabilities of the generalized MP/SOFT propagation scheme, introduced in Sec. II,
as applied to the canonical model systems introduced by
Tully to test dual curve-crossing nonadiabatic dynamics.22
These models are particularly suitable for benchmark calculations since they have been widely implemented in tests of
other propagation methods for simulations of nonadiabatic
dynamics, including approaches based on coherent-state
representations.25,55 The propagation scheme is still basically
a coherent-state version of the SOFT approach in the spirit of
the original formulation, which has already been shown to be
accurate in earlier studies.36–38 Therefore, the simulations
performed in this paper are essentially tests on the timedependent perturbation approximation as applied to different
nonadiabatic coupling models.
The first model is an example of weak coupling and
involves single avoided crossing dynamics. The second and
third models involve dual avoided crossing and extended
coupling, representing medium and strong coupling cases,
respectively. Details of the model systems are readily available in Ref. 22 and will not be discussed here.
The initial wave packet represents a particle of mass of
2000 amu. It is prepared to the left of the coupling region,
with some initial momentum in the rightward direction and
starts on the lower diabatic potential-energy surface. Specifically, the initial wave function is chosen to be Gaussian with
the two components in Eq. 共6兲 defined as

1共x;0兲 =

冉冊
␥


1/4

e−共␥/2兲共x − x0兲

2+ip 共x−x 兲
0
0

2共x;0兲 = 0,

冕

P共R兲
k = lim

冕

⬁

t→⬁ 0

A. Single avoided crossing

共19兲

dxk共x;t兲*k共x;t兲,

共20兲

dxk共x;t兲*k共x;t兲.

共21兲

and
0

t→⬁ −⬁

than 50 coherent states 共n 艋 50兲. The results are shown to be
independent of the integration time interval  so long as  is
chosen to be sufficiently small.

,

where p0 is the initial momentum and ␥ = p20 / 200. Thus the
initial wave packet has an energy spread of about ⫾10% of
its energy, as in Ref. 22.
The simulations of nonadiabatic dynamics, based on the
method introduced in Sec. II, are compared to full quantummechanical calculations obtained according to the standard
grid-based SOFT approach.16–18 Performance is measured by
examining the transmission and reflection probabilities P共T兲
k
and P共R兲
,
as
a
function
of
the
initial
momentum
p
共i.e.,
ki0
k
netic energy兲. Here, the labels k = 1 and 2 correspond to the
two diabatic states 兩1典 and 兩2典, respectively. The transmission
and reflection probabilities are obtained as follows:
P共T兲
k = lim

共T兲
FIG. 1. Transmission probabilities P共T兲
1 共upper panel兲 and P2 共lower panel兲,
as a function of the initial wave-packet momentum, for the single avoided
crossing model introduced by Eq. 共22兲. Benchmark quantum calculations
共solid line兲 are compared to MP/SOFT results 共filled circles兲 obtained according to the perturbation expansion to first-order accuracy, as described in
the text.

Excellent agreement between MP/SOFT and benchmark
grid-based calculations is demonstrated for all three model
systems investigated. Results are obtained with rather efficient coherent-state representations, usually including fewer

The first model defines a problem of single avoided
crossing dynamics according to the following potentialenergy surfaces and coupling functions defined in the diabatic representation:
V1共x兲 = 0.01关1 − exp共− 1.6x兲兴,

x ⬎ 0,

V1共x兲 = − 0.01关1 − exp共1.6x兲兴,

x ⬍ 0,

V2共x兲 = − V1共x兲,
Vc共x兲 = 0.005 exp共− 1.0x2兲.

共22兲

The initial wave packet is prepared, according to Eq.
共19兲, centered at x0 = −8.0 a.u. and with positive momentum
p0 = 5–30 a.u. The time-dependent Schrödinger equation is
integrated until the wave packet completely leaves the interaction region and the transmission probabilities remain constant. Both sets of calculations involve the propagation of the
initial wave packet for 3000 a.u., using an integration time
increment  = 10 a.u. Benchmark quantum-mechanical calculations implement a grid of 8192 points, extended over the
x = −25.0 to 50.0 a.u. range.
Figure 1 compares transmission probabilities P共T兲
1 共i.e.,
共T兲
on the upper adiabatic state兲 and P2 共i.e., on the lower adiabatic state兲, as a function of the initial wave-packet momentum. Results obtained according to the MP/SOFT method
共filled circles兲, in conjunction with the perturbation expan-
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sion to first-order accuracy, are compared to grid-based
quantum-mechanical calculations 共solid line兲.
Figure 1 shows that the generalized MP/SOFT method,
introduced in Sec. II, is able to reproduce the description of
single avoided crossing dynamics for the whole range of energy 共i.e., initial momentum兲 investigated, in quantitative
agreement with benchmark quantum-mechanical calculations.
B. Dual avoided crossing

The model for dual avoided crossing dynamics is defined
in the diabatic representation according to the following
potential-energy surfaces and coupling functions:
V1共x兲 = 0,
V2共x兲 = − 0.1 exp共− 0.28x兲 + 0.05,
Vc共x兲 = 0.015 exp共− 0.06x2兲.

共23兲

The initial wave packet is prepared, according to Eq. 共19兲,
localized in the asymptotic negative region with x0 =
−15.0 a.u. and a positive momentum. The time-dependent
Schrödinger equation is integrated until the wave packet
completely leaves the interaction region and the transmission
probability remains constant for all future times. Both sets of
calculations involved propagation of the initial wave packet
for 3000 a.u., using an integration time increment  = 1 a.u.
Benchmark calculations implemented a grid of 8192 points,
extended in the x = −35.0 to 35.0 a.u. range. While the
strength of the couplings demanded a rather small propagation time increment  = 1 a.u., the efficiency of the propagation scheme could in principle be further improved by implementing a variable time-step integrator as determined by the
average strength of the nonadiabatic couplings and the initial
momentum.
It is important to note that this dual avoided crossing
model problem is significantly more challenging for a perturbational approach than the single avoided crossing model
discussed in Sec. III A, since in this case the coupling amplitudes and the range of the couplings are larger. Furthermore, the model involves dual avoided crossing dynamics
with quantum interferences between the two crossings manifesting Stuckelberg oscillations.56
Figure 2 compares transmission probabilities P共T兲
1 共i.e.,
on the upper adiabatic state兲 and P共T兲
2 共i.e., on the lower adiabatic state兲, as a function of the initial wave-packet momentum. Results obtained according to the MP/SOFT method
共filled circles兲, in conjunction with the perturbation expansion to first-order accuracy, are compared to grid-based
quantum-mechanical calculations 共solid line兲. The comparison shows that, once again, the results obtained according to
the generalized MP/SOFT method agree quantitatively with
benchmark quantum-mechanical calculations throughout the
entire range of energy 共i.e., initial momentum兲 considered.
Note especially that the oscillatory transmission probabilities
are reproduced in excellent agreement with benchmark calculations, even at low energies that have defied other methods based on coherent-state representations.25

共T兲
FIG. 2. Transmission probabilities P共T兲
1 共upper panel兲 and P2 共lower panel兲,
as a function of the initial wave-packet momentum, for the dual avoided
crossing model, introduced by Eq. 共23兲. Benchmark quantum calculations
共solid line兲 are compared to MP/SOFT results 共filled circles兲 obtained according to the perturbation expansion to first-order accuracy, as described in
the text.

In order to show that the agreement between MP/SOFT
and benchmark calculations applies not only to the long-time
asymptotic state but also to all intermediate times during the
scattering event, Fig. 3 shows the time-dependent populations of both adiabatic states for a wave packet initially prepared in the asymptotic negative region with x0 = −15.0 a.u.
and p0 = 25.0 a.u. The agreement between MP/SOFT and
benchmark calculations indicates that the first-order perturbational scheme is able to successfully describe not only the
Stuckelberg oscillations but also the detailed evolution of
time-dependent populations as determined by the quantummechanical interferences due to the two curve crossings.

FIG. 3. Time-dependent populations of both adiabatic states for a wave
packet initially prepared in the asymptotic negative region with x0 =
−15.0 a.u. and p0 = 25.0 a.u. Benchmark quantum calculations 共solid line兲
are compared to MP/SOFT results 共filled circles兲, obtained according to the
perturbation expansion to first-order accuracy, as described in the text.
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FIG. 4. Probabilities of transmission 共upper panel兲 and reflection 共lower
panel兲, associated with the extended coupling with reflection model introduced by Eq. 共24兲, for the upper diabatic state, as a function of the initial
wave-packet momentum. Benchmark quantum calculations 共solid line兲 are
compared to MP/SOFT results 共filled circles兲, obtained according to the
second-order perturbation expansion, as described in the text.

FIG. 5. Time-dependent populations of the upper adiabatic state 共upper
panel兲 and diabatic transmission probability on upper surface 共lower panel兲
for the extended coupling with reflection model. The wave packet is initially
prepared on the lowest-energy state 共i.e., the first diabatic state兲 in the
asymptotic negative region with x0 = −15.0 a.u. and p0 = 18.0 a.u. Benchmark quantum calculations 共solid line兲 are compared to MP/SOFT results
共filled circles兲, obtained according to the perturbation expansion to secondorder accuracy, as described in the text.

C. Extended coupling with reflection

The problem of extended coupling is an even more difficult test for the perturbational implementation of the MP/
SOFT methodology. Here, the couplings between diabatic
states do not go to zero in the asymptotic region. Furthermore, the coupling amplitudes and the range of couplings are
even larger than in the previous models. The diabatic potentials are
V2共x兲 = 6 ⫻ 10−4,

V1共x兲 = − 6 ⫻ 10−4 ,

Vc共x兲 = 0.1 exp共− 0.9x兲,

x ⬍ 0,

Vc共x兲 = 0.1关2 − exp共− 0.9x兲兴,

x ⬎ 0.

共24兲

Since the diabatic states are close in energy, the transmission
and reflection probabilities are very similar for both diabatic
states. The adiabatic surfaces, on the other hand, show a
barrier for the upper state and one would thus expect some
reflection for energies below this barrier. All these effects are
observed in the MP/SOFT calculations, in excellent agreement with benchmark quantum-mechanical results.
Figure 4 shows the transmission 共upper panel兲 and reflection 共lower panel兲 probabilities, associated with the extended coupling model introduced by Eq. 共24兲, for the upper
diabatic state as a function of the initial wave-packet momentum.
Results are obtained by preparing the initial wave packet
centered at x0 = −15.0 a.u. and with positive momentum p0
= 10–30 a.u. As before, the time-dependent Schrödinger
equation is integrated until the transmission probabilities remain constant. Both sets of calculations involved propagation of the initial wave packet for 9000 a.u. Due to partial

reflection, benchmark calculations without absorbing potentials required a rather large grid of 16 384 points extended
over the x = −150.0 to 200.0 a.u. range.
Due to the strength and extension of the coupling potentials, accurate calculations based on the MP/SOFT method
required a perturbation expansion to second-order accuracy
and a rather small integration time increment  = 0.2 a.u. Results were obtained, as described in Sec. II, by using the
midpoint approximation for the first order term and the
center-of-mass approximation in the evaluation of the
second-order term in the perturbational expansion.
In order to show that the agreement between MP/SOFT
and benchmark calculations is observed not only for the
asymptotic states but also for all intermediate times during
the scattering event, Fig. 5 shows the time-dependent populations of the diabatic and upper adiabatic states for a wave
packet initially prepared on the lowest-energy state 共i.e., the
first diabatic state兲 in the asymptotic negative region with
x0 = −15.0 a.u. and p0 = 18.0 a.u. The agreement between MP/
SOFT and benchmark calculations indicates that the secondorder perturbational scheme is able to successfully describe
not only the asymptotic transmission probabilities but also
the detailed evolution of time-dependent populations as determined by the curves with extended couplings. For comparison, note that the MP/SOFT scheme to second-order accuracy in the perturbation expansion performs significantly
better than other methods based on coherent-state
expansions25 and requires expansions with much fewer basis
functions 共e.g., n ¡ 100 兲.
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IV. CONCLUDING REMARKS

We have introduced a generalization of the MP/SOFT
method to simulate nonadiabatic quantum dynamics. The
method is both rigorous and practical and involves a propagation scheme that recursively applies the standard perturbation expansion of the time-evolution operator. The expansion
is implemented in dynamically adaptive coherent-state representations, generated by an approach that combines the
matching-pursuit algorithm with a gradient-based optimization method.
We have shown that the generalization of the method to
nonadiabatic dynamics simulations still preserves the structure of the original MP/SOFT formulation, which is basically
a coherent-state version of the SOFT approach. As mentioned in Refs. 36–38, the main advantage of the MP/SOFT
approach relative to the standard grid-based SOFT method is
that the coherent-state representations allow for an analytic
evaluation of the Trotter expansion, bypassing the exponential scaling problem associated with the FFT algorithm of
usual grid-based implementations. When compared to other
time-dependent methods based on coherent-state expansions,
the method developed here has the advantage of avoiding the
usual need of propagating expansion coefficients by solving
a coupled system of differential equations. The main drawback of the generalized MP/SOFT method is that it requires
generating a new coherent-state expansion of the time evolving state for each propagation step. The underlying computational task, however, can be trivially distributed on a parallel computer architecture. In addition, since the method is
based on a perturbation expansion, the norm of the wave
packet is not conserved and results need to be renormalized
at any desired time according to the corresponding level of
perturbation theory.
Relative to the original MP/SOFT formulation, which
has already been shown to be accurate and efficient even in
systems with many degrees of freedom,38 the computational
overhead necessary for including nonadiabatic effects is minor, specially when the approach is implemented according
to the perturbation expansion to first-order accuracy. The
computational overhead simply involves adiabatic propagation of the wave-packet components of each diabatic state
and mixing the time-evolved wave packets at the end of each
propagation time increment.
We have demonstrated the accuracy and efficiency of the
generalized MP/SOFT propagation method as applied to the
model systems introduced by Tully for testing simulations of
dual curve-crossing dynamics with nonadiabatic couplings of
different strengths, including a model of single avoided
crossing, dual avoided crossing dynamics with manifested
Stuckelberg oscillations, and a model of extended coupling
with wave-packet reflection. Excellent agreement between
MP/SOFT and benchmark grid-based calculations was demonstrated for all three model systems. Furthermore, results
were obtained with rather efficient coherent state representations, often including fewer than 50 coherent states 共n
艋 50兲.
Based on the benchmark calculations reported in this
paper, we conclude that the method developed here is quite

promising and should be applicable even to systems with
many degrees of freedom and multiple-coupled potentialenergy surfaces. This, however, remains to be demonstrated
and is the subject of work in progress. Another aspect under
current analysis involves exploring the implementation of
flexible representations, in the spirit of recent works,57,58 in
an effort to reduce the coupling strength and, therefore, improve the numerical efficiency of the generalized MP/SOFT
method in applications to model problems with strong couplings.
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