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We explore whether NISQ computers can provide accurate simula-
tions of dynamics of open quantum systems. We introduce a quan-
tum algorithm based on the generalized quantum master equation
(GQME) that allows for dynamics simulations beyond the restrictive
Born-Markov approximation typically assumed by simulations based
on the Lindblad equation. We use the memory kernel as an input and
we solve the GQME for the non-unitary time evolution superoperator.
We convert the propagator into a unitary time evolution superoper-
ator, according to the Sz.-Nagy dilation theorem. We demonstrate
the algorithm as applied to quantum dynamics simulations of a spin-
boson benchmark model on the IBM quantum computers. We show
that the GQME formalism enables simulations of open quantum sys-
tems on NISQ computers by providing formally exact equations of
motion for any subset of elements of the reduced density matrix of
the system.
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Real-life quantum systems are rarely perfectly isolated,1

which makes it necessary to account for the effect of their2

surrounding, or bath, on the system’s dynamics. Furthermore,3

many important phenomena, such as rates of a wide range4

of chemical and physical processes, lifetimes of excited states,5

spectral diffusion, and line-broadening, either rely on or are6

driven by interactions between the system of interest and its7

surrounding. The simulation of open quantum system dynam-8

ics, namely the reduced dynamics of a system coupled to a bath,9

is therefore central to many science and engineering disciplines,10

including physical chemistry, molecular physics, condensed-11

phase physics, nanoscience, molecular electronics, quantum12

optics, nonequilibrium statistical mechanics, spectroscopy and13

quantum information science (1–30). Open quantum system14

dynamics therefore serves as a unifying platform that brings15

together different disciplines and bridges the gap between the-16

ory and experiment, as shown in Fig. 1. Notable examples17

include electronic energy and charge transfer and dephasing,18

vibrational relaxation and dephasing, nonadiabatic dynamics,19

photochemistry, and a variety of other light-induced physical20

and chemical processes (22, 23, 28, 31–49).21

Although numerous quantum algorithms have been devel-22

oped for calculating electronic structure (50–53) and simulat-23

ing quantum dynamics of closed quantum systems (54–57),24

relatively few studies have targeted simulating open quantum25

system dynamics (58–63). Furthermore, the majority of those26

previous studies were based on Lindblad-type quantum master27

equations (QMEs), which are guaranteed by construction to28

satisfy complete positivity and conservation of probability, but29

also assume Markovity, which, strictly speaking, is only valid30

Open 
Quantum 
System

Dynamics

Photosynthesis

Charge 
& Energy 
Transfer

Quantum Processors

Quantum 
Optics

Photochemistry

Photovoltaics

Fig. 1. Important disciplines that involve open quantum system dynamics.
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in the weak system-bath coupling limit or the singular bath31

limit (9). It is therefore highly desirable to develop quantum32

algorithms for simulating open quantum system dynamics33

based on a less-restrictive equation of motion (EoM). In this34

paper, we propose such a quantum algorithm based on the35

generalized quantum master equation (GQME), which cor-36

responds to the formally exact EoM for an open quantum37

system.38

A major challenge facing the quantum simulation of open39

quantum system dynamics is the fact that the time evolu-40

tion operators are non-unitary whereas quantum gates are41

unitary. To this end, we have previously developed a quantum42

algorithm for open quantum dynamics based on the Sz.-Nagy43

unitary dilation theorem, which converts non-unitary opera-44

tors into unitary operators in an extended Hilbert space. This45

algorithm was originally applied to simulating a Markovian46

two-level model on the IBM quantum computer (64). Later,47

the same method was applied to simulating a non-Markovian48

two-level model (Jaynes-Cummings model) on the IBM quan-49

tum computer (65). In a recent work, the same quantum50

algorithm was generalized to also work with the Lindblad51

QME and applied to simulate the dynamics of the Fenna-52

Matthews-Olson complex, which includes five quantum levels53

and seven elementary physical processes (66). Thus far, this54

quantum algorithm has been used to simulate the dynam-55

ics of open quantum systems described by the operator sum56

representation or Lindblad-type QMEs.57

Fig. 2. A comparison of the workflows for simulating the dynamics of a closed
quantum system governed by the quantum Liouville equation vs. an open quantum
system governed by the GQME. 1. The EoM is established; 2. the time evolution
superoperator is generated from the EoM; 3. A unitary dilation is required in order
to convert the GQME-based non-unitary time evolution superoperator into a unitary
superoperator in an extended Hilbert space; 4. Translation of the unitary matrix into a
quantum gate sequence.

However, these approaches are not entirely general: the58

Lindblad QME used in Ref. 66 has several restrictive approxi-59

mations including Markovian dynamics and the ensemble of60

Lindbladian trajectories method in Ref. 65, while capable of61

describing non-Markovian dynamics, involves user selection of62

ad-hoc system-bath parameters, therefore limiting the range of63

applications. Furthermore, while the operator sum representa-64

tion of open quantum system dynamics is general, it requires65

knowledge of the Kraus operators, which to the best of our66

knowledge are only known in closed form for systems whose67

dynamics can be described by Lindblad-type QMEs.68

Extending the range of quantum simulation of open quan-69

tum systems therefore calls for describing the dynamics by a70

less restrictive theoretical framework. The GQME formalism71

introduced by Nakajima (67) and Zwanzig (68) represents such 72

a general framework since the GQME it leads to corresponds 73

to the formally exact EoM of the open quantum system, as 74

opposed to the Lindblad-type QMEs which correspond to 75

approximate EoMs of the open quantum system. 76

A comparison of the workflows for simulating the dynamics 77

of a closed quantum system governed by the quantum Liouville 78

equation vs. an open quantum system governed by the GQME 79

is shown in Fig. 2. The derivation of the GQME involves 80

projecting out the bath degrees of freedom (DOF) to obtain 81

the EoM of the system’s reduced density matrix, or a subset 82

of its matrix elements. Within this EoM, which is referred 83

to as the GQME, the memory kernel superoperator, K(τ), 84

fully accounts for the impact of the bath on the system’s 85

dynamics. Thus, the GQME replaces the Liouville equation as 86

the formally exact EoM of the system when we transition from 87

a closed quantum system to an open quantum system, with 88

the memory kernel playing a similar role in the open system 89

to that of the Hamiltonian or Liouvillian in the closed system. 90

In this work, we develop a GQME-based quantum algo- 91

rithm for simulating the dynamics of an open quantum system. 92

Firstly, we provide a route from the memory kernel to the 93

non-unitary time evolution superoperator that describes the 94

dynamics generated by the GQME for that memory kernel. 95

Then the Sz.-Nagy unitary dilation theorem is used to convert 96

the GQME-based non-unitary time evolution superoperator 97

into a unitary superoperator in an extended Hilbert space. 98

Given this dilated and now unitary time evolution superop- 99

erator and the initial state of the system, we can evolve the 100

dynamics for any open quantum system on quantum com- 101

puters. Given the fact that the GQME is the exact EoM of 102

the open quantum system, this quantum algorithm greatly 103

extends the range of possible systems that can be simulated 104

on a quantum computer, including complex non-Markovian 105

photosynthetic and photovoltaic systems(28, 69), molecular 106

electronics(48), linear and nonlinear spectroscopy(70), systems 107

with inter-system crossing(71), and conical intersections(72). 108

Thus, this GQME-based quantum algorithm provides an essen- 109

tially universal protocol for simulating open quantum system 110

dynamics on quantum computing platforms. Given a powerful 111

enough quantum computer, this algorithm opens the door 112

for simulating open quantum system dynamics of large and 113

complex molecular systems, which are currently beyond the 114

reach of classical computers. 115

Results 116

The GQME-based time evolution superoperator. Previously 117

developed quantum algorithms for open system dynamics 118

involve mapping Lindblad operators to Kraus operators be- 119

fore using the Sz.-Nagy dilation theorem to reach a unitary 120

quantum algorithm(64–66). While useful for many systems, 121

these methods are either Markovian(64, 66) or involve user 122

selection of ad-hoc system-bath parameters(65), therefore lim- 123

iting the range of applications. In this paper, we introduce 124

a method using the GQME, a formally exact EoM for the 125

dynamics of an open quantum system, as opposed to the Lind- 126

blad equation. Instead of mapping onto Kraus operators and 127

dilating them, this method uses the GQME to obtain the 128

system’s time evolution superoperator, G(t), and perform the 129

dilation on it to obtain a unitary quantum algorithm. This 130

subsection describes the first step in the workflow outlined 131
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in Fig. 2, namely obtaining the time evolution superoperator132

of an open quantum system starting from its formally exact133

EoM in GQME form.134

For the sake of concreteness, we will focus on molecular135

systems with an overall Hamiltonian of the following commonly136

encountered form:137

Ĥ =
Ne∑
j=1

Ĥj |j〉〈j|+
Ne∑
j,k=1
k 6=j

V̂jk|j〉〈k| [1]138

and an overall system initial state of the following commonly139

used single-product form:140

ρ̂(0) = ρ̂n(0)⊗ σ̂(0) . [2]141

It should be noted that the GQME approach is not limited142

to this form of Hamiltonian and initial state and that the143

choice to focus on them is solely motivated by clarity of pre-144

sentation and the wide range of applications based on an145

Hamiltonian and an initial state of this form. The system146

and bath in this case correspond to the electronic and nuclear147

DOF, respectively. In Eqs. (1) and (2), Ĥj = P̂2/2 + Vj
(
R̂
)

148

is the nuclear Hamiltonian when the system is in the diabatic149

electronic state |j〉, with the index j running over the Ne150

electronic states; R̂ =
(
R̂1, ..., R̂Nn

)
and P̂ =

(
P̂1, ..., P̂Nn

)
151

are the mass-weighted position and momentum operators of152

the Nn � 1 nuclear DOF, respectively;
{
V̂jk|j 6= k

}
are the153

coupling terms between electronic states (which can be either154

nuclear operators or constants); and ρ̂n(0) and σ̂(0) are the155

reduced density operators that describe the initial states of156

the nuclear (bath) and electronic (system) DOF, respectively.157

Throughout this paper, boldfaced variables, e.g., A, indicate158

vector quantities; a hat over a variable, e.g., B̂, indicates an159

operator quantity; and calligraphic font, e.g., L, indicates a160

superoperator.161

Using projection operator techniques, one can then derive162

the following formally exact EoM, or GQME, for the reduced163

electronic density operator, σ̂(t) (27–30):164

d

dt
σ̂(t) = − i

~
〈L〉0nσ̂(t)−

∫ t

0
dτ K(τ)σ̂(t− τ) . [3]165

The open quantum system dynamics of the reduced elec-166

tronic density matrix described by this GQME is generated167

by the two terms on the R.H.S. of Eq. Eq. (3). The first168

term is given in terms of the projected overall system Liouvil-169

lian 〈L〉0n ≡ Trn {ρ̂n(0)L} (where L(·) = [Ĥ, ·] is the overall170

system Liouvillian and Trn{·} is the trace over the nuclear171

(bath) Hilbert space), which is represented by a N2
e × N2

e172

time-independent matrix. The second term is given in terms173

of the memory kernel K(τ), which is represented by a N2
e ×N2

e174

time-dependent matrix. Further details about the GQME175

approach, including the derivations of Eq. Eq. (3) and the ex-176

plicit form of the memory kernel, are provided in the Materials177

and Methods section.178

From Eq. (3), we can obtain a GQME for the system’s time179

evolution superoperator, G(t), which is defined by:180

σ̂(t) = G(t)σ̂(0) . [4]181

Substituting Eq. (4) into Eq. (3) and noting that the GQME182

should be satisfied for an arbitrary choice of σ̂(0), it is straight-183

forward to show that G(t) satisfies the same GQME as σ̂(t):184

d

dt
G(t) = − i

~
〈L〉0nG(t)−

∫ t

0
dτ K(τ)G(t− τ) . [5]185

Thus, given the projected Liouvillian and memory kernels [〈L〉0n 186

and K(τ), respectively], G(t) can be obtained by solving Eq. (5). 187

This superoperator, G(t), serves a similar function to the Kraus 188

operators in the operator sum representation and can also be 189

dilated to a unitary form which can be implemented on a 190

quantum computer. Importantly, while the Kraus operators 191

are only known in closed form for the Markovian Lindblad 192

equation, the time evolution superoperator G(t) can always be 193

obtained from the formally exact GQME. 194

The GQME-based quantum algorithm for simulating open 195

quantum system dynamics. In this subsection, we describe 196

the next step in the workflow outlined in Fig. 2, namely using 197

the Sz.-Nagy’s unitary dilation procedure (73) to convert the 198

non-unitary quantum open system time evolution superopera- 199

tor G(t) [see Eqs. (4) and (5)] into a unitary time evolution 200

superoperator in an extended Hilbert space. 201

We start out by calculating the operator norm of G(t) to 202

determine if it is a contraction. For G(t) to be a contraction, 203

the operator norm of G(t) needs to be less than or equal to 1, 204

i.e., ||G(t)||O = sup ||G(t)v||
||v|| ≤ 1. In the case where the original 205

G(t) is not a contraction, we introduce a normalization factor 206

nc = ||G(t)||O in order to define a contraction form of G(t), 207

namely G′(t) = G(t)/nc. 208

In the next step, we apply a 1-dilation procedure to G′(t) 209

to obtain a unitary UG′(t) in an extended Hilbert space of 210

double the dimension of the original system Hilbert space: 211

UG′(t) =
(
G′(t) DG′†(t)
DG′(t) −G′†(t)

)
. [6] 212

Here, DG′(t) =
√
I − G′†(t)G′(t) and DG′† = 213√

I − G′(t)G′†(t), where DG′(t) is the so-called defect 214

superoperator of G′(t). The 1-dilation procedure generates a 215

unitary superoperator UG′(t) that operates in the extended 216

Hilbert space and replicates the effect of the contraction form 217

of the original time evolution superoperator, G′(t), when the 218

input and output vectors are both restricted to the original 219

smaller Hilbert space. 220

In the original system Hilbert space, the system reduced 221

density operator σ̂(t) is represented by an Ne ×Ne matrix: 222

σ̂(t) .=

 σ11(t) . . . σ1Ne (t)
...

. . .
...

σNe1(t) · · · σNeNe (t)

 . [7] 223

Alternatively, the same system reduced density operator can 224

also be represented by an N2
e -dimensional vector in Liouville 225

space: 226

σ̂(t) .= (σ11(t), ..., σ1Ne (t), ... ..., σNe1(t), ..., σNeNe (t))T . [8] 227

Since the GQME formalism is given in terms of superoperators, 228

it is convenient to work in Liouville space, which we will do 229

from this point on. We also define the norm of the vector 230

representing σ̂(t) in Liouville space as the Frobenius norm: 231

‖σ(t)‖F =
√∑

ij

|σij |2 and divide σ̂(t) by ‖σ(t)‖F to normalize 232

σ̂(t). (64) 233

Given the dilated unitary operator UG′(t) and the initial 234

quantum input state σ̂(0), operating with the non-unitary G′(t) 235
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on σ̂(0) has now been converted into a unitary transformation236

as follows:237

G′(t)σ̂(0) unitary dilation−−−−−−−−−−→ UG′(t)
(
σ̂(0)T , 0, · · · , 0

)T
. [9]238

The 0s in the input vector on the R.H.S. are added to match the239

dimension of the input vector with that of UG′(t). The unitary240

process can then be simulated on a quantum circuit with241

unitary quantum gates. The electronic populations, {σjj(t) ≡242

〈j|σ̂(t)|j〉|j = 1, ..., Ne} can be retrieved by taking the square243

roots of the probability of measuring each basis state Pj(t) =244

|σ′jj(t)|2 and multiplying by the nc factor.245

Finally, we perform a complexity analysis of the quan-246

tum algorithm. Given that G(t) in its most general form is247

represented by a matrix of N4
e non-zero elements, the defect248

superoperators DG′(t) as well as −G†(t) as shown in Eq. Eq. (6)249

all have N4
e non-zero elements. Generally speaking, the num-250

ber of the two-level unitaries necessary to decompose a unitary251

gate is comparable to the number of non-zero elements in the252

lower-triangular part of the gate (74, 75). Therefore, the gate253

complexity to simulate this specific UG′(t) is O(N4
e ). If the254

two-level unitaries are further decomposed into 1-qubit and 2-255

qubit elementary gates commonly used to design conventional256

quantum circuits, they need to be transformed to the Gray257

code sequences and some multi-control gate sequences, adding258

another factor of complexity logarithmic in N2
e , and the total259

complexity becomes O(N4
e log2 N2

e ) (74). This means that the260

maximum total complexity of a GQME-based simulation of261

a open quantum system dynamics is comparable to classical262

methods (64). However, as demonstrated in previous simula-263

tions of certain dynamical models, our quantum algorithm can264

take advantage of the case when the G(t) is a sparse matrix,265

and thus the gate complexity scaling for G(t) can be reduced266

to O(log2 N2
e ) instead of O(N4

e ) (64, 66).267

A demonstrative application to the spin-boson model . In this268

subsection, we demonstrate the applicability of the quantum269

algorithm outlined in the previous sections on the spin-boson270

benchmark model. This model has a wide range of applicability271

to chemical and physical systems, including electron, proton,272

energy, and charge transfer processes; polaron formation and273

dynamics in condensed phase environments; vibrational relax-274

ation, impurity relaxation in solids, spin-lattice relaxation, and275

qubit decoherence (22, 23, 76, 77). It should also be noted that276

quantum-mechanically exact memory kernels for this model277

are available (78–80).278

The spin-boson Hamiltonian has the form of Eq. Eq. (1)279

with Ne = 2 and {Ĥj , V̂jk} given by:280

Ĥ0 ≡ ĤD = ε+
Nn∑
k=1

P̂ 2
k

2 + 1
2ω

2
kR̂

2
k − ckR̂k,

Ĥ1 ≡ ĤA = −ε+
Nn∑
k=1

P̂ 2
k

2 + 1
2ω

2
kR̂

2
k + ckR̂k,

V̂01 ≡ V̂DA = V̂10 ≡ V̂AD = Γ.

[10]281

Here, the two electronic states are designated as the donor282

and acceptor (|D〉 and |A〉, respectively), 2ε is the shift in283

equilibrium energy between the donor (D) and acceptor (A)284

states, and Γ is a positive constant describing the electronic285

coupling between the donor and acceptor states. Since Γ is286

Table 1. Spin-boson model and simulation parameters.

Model Parameters Numerical Parameters

Model # ε Γ β ξ ωc ωmax Nn ∆t
1 1.0 Γ 1.0 5.0 Γ−1 0.1 1.0 Γ 5 Γ 60 1.50083 ×10−3 Γ−1

2 1.0 Γ 1.0 5.0 Γ−1 0.1 2.0 Γ 10 Γ 60 1.50083 ×10−3 Γ−1

3 1.0 Γ 1.0 5.0 Γ−1 0.4 2.0 Γ 10 Γ 60 1.50083 ×10−3 Γ−1

4 0.0 Γ 1.0 5.0 Γ−1 0.2 2.5 Γ 12 Γ 60 4.50249 ×10−3 Γ−1

a constant, this system is assumed to satisfy the Condon 287

approximation. 288

The results shown below were obtained for the case 289

where the nuclear modes’ frequencies and coupling coefficients 290

{ωk, ck} are sampled from an Ohmic spectral density with 291

exponential cutoff: 292

J(ω) = π

2

Nn∑
k=1

c2
k

ωk
δ(ω − ωk)

Nn →∞
−−−−→ π~

2 ξωe−ω/ωc . [11] 293

Here, ξ is the Kondo parameter and ωc is the cutoff frequency. 294

The reader is referred to Appendix C of Ref. 27 for a description 295

of the procedure used to obtain a discrete set of Nn nuclear 296

mode frequencies {ωk} and coupling coefficients {ck} from the 297

spectral density in Eq. (11). 298

The initial state is assumed to be of the form of Eq. (2), 299

with the initial electronic (system) reduced density operator 300

given by σ̂(0) = |D〉〈D| and the initial nuclear (bath) reduced 301

density operator given by 302

ρ̂n(0) = e−β(ĤD+ĤA)/2

Trn
{
e−β(ĤD+ĤA)/2

} . [12] 303

Calculations were carried out for four different sets of pa- 304

rameter values (see Table 1). Models 1 and 2 correspond to 305

systems with an energy bias between the donor and acceptor 306

states (ε 6= 0) and differ in their cutoff frequencies, with model 307

2 having a higher cutoff frequency. Model 3 corresponds to a 308

biased system with the same parameters as model 2 except 309

for a larger Kondo parameter. Model 4 corresponds to a sym- 310

metric system with zero energy bias between the donor and 311

acceptor states (ε = 0). The results reported in this paper 312

were obtained with a time step of ∆t = 1.50083 × 10−3 Γ−1
313

for models 1-3 and a time step of ∆t = 4.50249× 10−3 Γ−1 for 314

model 4. 315

Starting with the quantum-mechanically exact memory ker- 316

nels (adopted from Ref. 80), the time evolution superoperator 317

for the electronic reduced density matrix G(τ) was generated 318

for the four models given in Table 1 by solving the correspond- 319

ing GQME, Eq. (5). Details on the method used to obtain 320

G(τ) are given in the Materials and Methods section. 321

The GQME-based quantum algorithm for simulating the 322

electronic dynamics within the spin-boson model was imple- 323

mented on the IBM quantum platforms via the Qiskit pack- 324

age (81). The quantum implementation involved the trans- 325

lation at each time step of G′(t) into UG′(t), followed by the 326

construction of a quantum circuit based on UG′(t), and lastly 327

the use of the quantum circuit to simulate the time evolution 328

of the reduced electronic density matrix. To build the circuit, 329

we dilate the 4 × 4 G′(t) into a unitary 8 × 8 UG′(t) using a 330

1-dilation procedure [see Eq. Eq. (6)]. The unitary UG′(t) is 331

then transpiled into a 3-qubit quantum circuit composed of 332

three elementary quantum gates: RZ ,
√
X, and CX. Exam- 333

ples of UG′(t) and details of the elementary quantum gates 334
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(a) Model 1 (b) Model 2

(c) Model 3 (d) Model 4

Fig. 3. The spin-boson model simulated by the GQME-based quantum algorithm as
implemented on the IBM QASM quantum simulator, showing the electronic population
difference between the donor state and acceptor state σz(t) = σDD(t)− σAA(t)
as a function of time for (a) model 1, (b) model 2, (c) model 3, and (d) model 4 as
given in Table 1, with units scaled to the electronic coupling, Γ. Each figure shows
the comparison between the GQME-generated exact results represented by the black
curves and the QASM-simulated results represented by the yellow dots. The time
step for both the exact and simulated results is ∆t = 1.50083 × 10−3Γ−1 for
models 1-3 and ∆t = 4.50249× 10−3Γ−1 for model 4. Each model is simulated
for 4000 time steps. The number of projection measurements applied by the QASM
simulator to simulate a single time step is 2000 shots.

(a) Model 1 (b) Model 2

(c) Model 3 (d) Model 4

Fig. 4. The spin-boson model simulated by the GQME quantum algorithm as imple-
mented on the IBM quantum computers ibmq belem, ibmq quito and ibmq lima,
showing the electronic population difference between the donor state and acceptor
state σz(t) = σDD(t)− σAA(t) as a function of time for (a) model 1 , (b) model 2
(c) model 3 and (d) model 4 as given in Table 1, with units scaled to the electronic
coupling, Γ. Each figure shows the comparison between the GQME-generated exact
results represented by the black curves and quantum-computer-simulated results
represented by the red dots with error bars. The time step for the real machine
simulation is ∆t = 0.150083 Γ−1 for model 1,2 and 3 and ∆t = 0.450249 Γ−1

for model 4. The experiments of both models take 40 evenly-spaced time steps out of
the 4000 time steps used in the QASM simulator runs and the error bars represent
the standard derivations of the 10 separate runs on the ibmq belem, ibmq quito
and ibmq lima for models 1 to 4. The number of projection measurements applied by
all the devices to simulate a single time step is 2000 shots.

and circuits are shown in the supplementary information (SI).335

The initial electronic state is set to (1, 0, 0, 0, 0, 0, 0, 0)T , where336

the last four 0s are the extra dimensions from the dilation337

procedure. The QASM simulator and the real quantum de-338

vices initialize the input state (1, 0, 0, 0, 0, 0, 0, 0)T and apply339

the unitary operation UG′(t) to the input state followed by340

projection measurements to retrieve the probability distribu-341

tion of all the 8 basis states. Each circuit runs 2000 shots and342

the resulting probabilities P000(t) of measuring the state |000〉 343

and P011(t) of measuring |011〉 correspond to the diagonal 344

elements of the modified density matrix |σ′00(t)|2 and |σ′11(t)|2. 345

The populations of the donor state, σ00(t), and acceptor state, 346

σ11(t), are retrieved as follows: 347

σ00(t) =
√
P000(t)× nc and σ11(t) =

√
P011(t)× nc . [13] 348

In what follows, we report results in terms of the difference 349

between the donor and acceptor populations, σz(t) = σ00(t)− 350

σ11(t). 351

The comparison between the exact results obtained by 352

solving the GQME on a classical computer and results obtained 353

by performing the quantum algorithm on the QASM simulator 354

is shown in Fig. 3. The QASM simulator results are in excellent 355

agreement with the exact results for all four models under 356

consideration. The small amplitude oscillations of the QASM- 357

based results around the exact results can be traced back to the 358

inherent uncertainty associated with projection measurements. 359

These results validate the GQME-based quantum algorithm 360

and demonstrate its ability to reproduce results obtained via 361

the GQME-based classical algorithm. 362

To test the performance of the quantum algorithm on real 363

quantum devices, we also performed the simulations on the 364

quantum computers provided by IBM Quantum (IBM Q). The 365

simulations were performed for models 1 to 4 on ibmq quito, 366

ibmq belem and ibmq lima. All devices are equipped with 367

5 qubits that have the same qubit connectivity and use IBM’s 368

Falcon r4T processor with the same architecture. In each 369

simulation of a given model, three qubits were used and 10 370

repeated experiments were performed. In a single experiment, 371

40 time steps are chosen at an equal spacing out of the 4000 372

time steps used in the QASM simulations, i.e., the time step in 373

each experiment is 100 times greater than the time step used in 374

the QASM simulations as listed in Table 1. The average CX 375

gate error and readout error are (1.191× 10−2, 5.194× 10−2) 376

for the ibmq quito, (1.160×10−2, 2.590×10−2) for the ibmq 377

belem and (1.032× 10−2, 2.834× 10−2) for the ibmq lima 378

as of the time of the experiments. The quantum circuits are 379

the same in both the QASM simulations and the real machine 380

simulations. The transpiled quantum gate counts for each of 381

the UG′(t) superoperators are 153 RZ gates, 98
√
X gates, and 382

41 CX gates. The transpiling process is done internally by 383

the Qiskit package and examples of the quantum circuits can 384

be found in the SI. 385

The comparison between the GQME-generated exact re- 386

sults and real machine simulations is given in Fig. 4. In the 387

figure, the red dots are the average of the 10 experiments and 388

the error bars represent standard derivations of the 10 experi- 389

ments. The simulations with the IBM Q quantum computers 390

are seen to be in qualitative agreement with the exact results, 391

which demonstrate that the GQME-based quantum algorithm 392

can capture the essential features of the dynamics even with 393

the noise and errors within real quantum devices. 394

Reduced-Dimensionality GQMEs. Since the quantum algo- 395

rithm on the QASM simulator was able to capture the exact 396

results, as shown in Fig. 3, we attribute the lack of quantitative 397

agreement from the IBM Q quantum computers, as seen in 398

Fig. 4, to noise and errors within the real quantum devices. 399

One way to verify this would be to develop a way to simulate 400

the system with a shallower circuit. In this subsection, we 401
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develop a method for the spin-boson model that requires less402

gates by reducing the dimensionality of the non-unitary time403

evolution superoperator G(t) and therefore also the unitary404

time evolution superoperator UG′(t).405

Reduced-dimensionality GQMEs correspond to EoMs for406

subsets of the electronic system’s reduced density matrix ele-407

ments, rather than the full reduced density matrix.(30, 80) For408

example, for the spin-boson model described in the previous409

section, the memory kernel in the GQME for the full reduced410

density matrix, σ̂(t), is a 4 × 4 matrix, while the memory411

kernel in the GQME for only the electronic populations (the412

diagonal elements of the reduced density matrix, σ00(t) and413

σ11(t)) is a 2 × 2 matrix (30, 80). Below, we demonstrate414

how one can take advantage of this reduced dimensionality to415

lower the circuit depth and thereby improve the accuracy of416

the quantum simulation.417

For the spin-boson model, the electronic populations can418

be propagated using the four corner elements of G(t), i.e.,419 (
σ11(t)
σ22(t)

)
=
(
G11,11(t) G11,22(t)
G22,11 G22,22(t)

)(
σ11(0)
σ22(0)

)
. [14]420

It should be noted that this equality only holds when G(t) is421

obtained with an exact input method and the initial electionic422

state is a linear combination of only the populations, i.e.,423

σ̂(0) =
∑Ne

j=1 σjj(0)|j〉〈j|, which is true for the exact TT-TFD424

input method and the spin-boson model explored in this paper.425

Similar to the procedure for the time evolution operator426

G(t) for all the electronic DOF, this reduced-dimensionality427

time evolution superoperator, which we will refer to as Gpop(t),428

can be divided by a normalization factor npop
c = ||Gpop(t)||O to429

define its contraction form Gpop′(t) = Gpop(t)/npop
c . Following430

the form of Eq. 6, we apply the 1-dilation procedure Gpop′(t)431

to obtain the unitary time evolution superoperator for the432

electronic populations UGpop′(t):433

UGpop′(t) =
(
Gpop′(t) DGpop′†(t)
DGpop′(t) −Gpop′†(t)

)
. [15]434

Notably, for the spin-boson model, while UG′(t) is an 8 × 8435

time-dependent matrix, UGpop′(t) is a 4 × 4 time-dependent436

matrix.437

We simulated the same spin-boson models with the reduced-438

dimensionality GQMEs on the quantum computers provided439

by IBM Quantum (IBM Q). The simulations were performed440

for models 1 to 4 on ibmq belem, ibmq lima, ibm oslo and441

ibm nairobi respectively, and the comparison between the442

GQME-generated exact results and real machine simulations443

is given in Fig.5. Here ibm oslo and ibm nairobi are each444

equipped with 7 qubits of the same qubit connectivity and445

both use IBM’s Falcon r5.11H processor. The average CX446

gate error and readout error are (1.038×10−2, 2.280×10−2) for447

the ibm nairobi and (8.537×10−3, 2.310×10−2) for the ibm448

oslo as of the time of the experiments. The new simulations449

use the same time steps, experiment shots and follow the450

same procedures as that of Fig. 4. The quantum circuits451

are re-transpiled to implement the reduced-dimensionality452

GQME-based quantum algorithm where only two qubits are453

used. The transpiled quantum gate counts for each of the454

UGpop′(t) superoperators are 17 RZ gates, 12
√
X gates, and455

2 CX gates. The transpiling processes are done internally by456

the Qiskit package.457

(a) Model 1 (b) Model 2

(c) Model 3 (d) Model 4

Fig. 5. The spin-boson models with the reduced-dimensionality GQMEs are simulated
on the IBM quantum computers ibmq lima, ibmq belem, ibm oslo and ibm nairobi,
showing the electronic population difference between the donor state and acceptor
state σz(t) = σDD(t)− σAA(t) as a function of time for (a) model 1 , (b) model 2
(c) model 3 and (d) model 4 as given in Table 1, with units scaled to the electronic
coupling, Γ. Each figure shows the comparison between the GQME-generated exact
results represented by the black curves and the quantum-computer-simulated results
represented by the red dots with error bars. The time step for the real machine
simulation is ∆t = 0.150083 Γ−1 for model 1,2 and 3 and ∆t = 0.450249 Γ−1

for model 4. The experiments of both models take 40 evenly-spaced time steps out of
the 4000 time steps used in the QASM simulator runs and the error bars represent
the standard derivations of the 10 separate runs on the ibmq lima, ibmq belem, ibm
oslo and ibm nairobi for models 1 to 4. The number of projection measurements
applied by all the devices to simulate a single time step is 2000 shots. These results
show quantitative agreements between the exact results and the quantum-machine-
simulated results, which have significant improvements over those in Fig. 4: this
demonstrates both the validity of the quantum algorithm for open quantum dynamics
and the power of the reduced-dimensionality method in reducing the circuit depth.

The results in Fig. 5 confirm that the lack of quantitative 458

agreement seen in Fig. 4 can be attributed to the noises 459

and errors of the real quantum devices. More specifically, 460

significantly more accurate results are obtained when the 461

populations-only reduced dimensionality GQME is used, which 462

can be traced back to its ability to give rise to shallower 463

quantum circuits 464

Discussion 465

The GQME-based quantum algorithm proposed herein sub- 466

stantially expands the range of open quantum systems that 467

can be simulated on a quantum computer. We demonstrated 468

the applicability and versatility of the algorithm with the 469

implementations on the IBM QASM quantum simulator and 470

IBM quantum computers. 471

The results obtained via the QASM simulator were found 472

to be highly accurate, with the error that is inherently as- 473

sociated with the quantum projection measurements giving 474

rise to very slight deviations from the exact results. For the 475

simulations implemented on the real quantum computers, we 476

have two different cases: 1. the results for the full GQME 477

were found to be in reasonable qualitative agreement with the 478

exact results, although clearly the noise and errors inherent 479

to the NISQ era quantum machines negatively affected the 480

accuracy (82); 2. the results for the GQME with reduced- 481

dimensionality were found to be in quantitative agreements 482

with the exact results, with significant improvements over 483

the full GQME results. These results clearly demonstrate 484

that: 1. the quantum algorithm itself is accurate and the 485

noises and errors observed in Fig. 4 are entirely due to the 486
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hardware; 2. Dimensionality-reduction can greatly reduce the487

circuit depth and thus drastically improve the accuracy of488

simulations performed on real quantum computers.489

There are several future directions of research that have490

the potential to improve the performance of the quantum491

algorithm on the NISQ quantum machines. One direction is492

to optimize the quantum circuit design and reduce the circuit493

depth. In general, the shallower the circuit depth (in terms of494

the number of elementary gates), the less the overall error in495

simulations on real quantum devices. As discussed above, the496

simulations of the reduced-dimensionality GQMEs (see Fig. 5)497

clearly illustrate the notable improvement in the accuracy of498

the real machine simulation as a result of the shallower quan-499

tum circuit. To this end, there are also many other proposals500

for possible ways to optimize the decomposition of unitary501

operations into elementary gate sequences (83–86). One partic-502

ularly interesting idea is to reduce the circuit depth by adding503

additional qubits (87), which may be applicable to the current504

model, as we have only used 3 qubits out of the 5 currently505

available on freely accessible IBM quantum computers. An-506

other method to mitigate the errors on the IBM machine is507

dynamical decoupling (DD) (88–92). This method employs508

pulses to suppress the system’s coupling with the environment.509

Some recent implementations of DD on IBM machines improve510

the fidelity of the overall performance (93–95). Yet another511

direction is to implement the circuit on high-dimensional qudit512

systems. Quantum computers based on three-dimensional cir-513

cuit quantum electrodynamics (3D cQED) microwave cavities514

are particularly promising, as they feature unique quantum515

error correction schemes (96–98) and longer coherence times516

(99, 100) than standard superconducting quantum comput-517

ers. Bosonic quantum computing algorithms have also been518

recently shown to significantly reduce the number of quantum519

gates required for the calculation of the Franck-Condon factors520

(101) and dynamics of rhodopsin near conical intersections521

(102). Lossless 3D cQED systems have not yet been employed522

to simulate open quantum system dynamics. An adaptation of523

the algorithm presented here to bosonic quantum computing524

could therefore provide another way to efficiently simulate525

open quantum system dynamics and demonstrate how qudit-526

based quantum architectures can reduce the computational527

cost and enhance the accuracy of quantum simulations.528

Materials and Methods529

The GQME formalism provides a general framework for deriving530

the exact EoM for any quantity of interest. The derivation begins531

with the Nakajima-Zwanzig equation (67, 68), which describes532

the dynamics of a projected state P ρ̂(t), where P is a projection533

superoperator and ρ̂(t) is the density operator of the overall system:534

d

dt
P ρ̂(t) = −

i

~
PLP ρ̂(t)−

1
~2

∫ t

0
dτPLe−iQLτ/~QLP ρ̂(t− τ) [16]535

−
i

~
PLe−iQLt/~Qρ̂(0).536

Here, L is the overall system-bath Liouvillian and Q = 1 − P is537

the complimentary projection superoperator to P. Importantly, the538

only requirements are that L is Hermitian and P satisfies P2 = P.539

Otherwise, there is complete flexibility in the choice of L and P,540

with each choice leading to a different GQME for a different quantity541

of interest (30).542

Following Ref. 27 we focus an overall system-bath Hamiltonian543

of the form of Eq. (1) and the following choice of projection operator544

which gives rise to the GQME for the system reduced density matrix,545

σ̂(t): 546

P(Â) = ρ̂n(0)⊗ Trn{Â}. [17] 547

Plugging Eq. (17) into Eq. (16) and tracing over the nuclear (bath) 548

Hilbert space leads to the GQME in Eq. Eq. (3). The memory 549

kernel in Eq. Eq. (3) is given by 550

K(τ) =
1
~2 Trn

{
L e−iQLτ/~QLρ̂n(0)

}
, [18] 551

and can be obtained by solving the following Volterra equation (27):

K(τ) = iḞ(τ)−
1
~
F(τ)〈L〉0n + i

∫ τ

0
dτ ′F(τ − τ ′)K(τ ′). [19]

Here, F(τ) and Ḟ(τ) are the so-called projection-free inputs (PFIs), 552

which are given by 553

F(τ) =
1
~
Trn
{
Le−iLτ/~ρ̂n(0)

}
,

Ḟ(τ) = −
i

~2 Trn
{
Le−iLτ/~Lρ̂n(0)

}
.

[20] 554

The memory kernels for the spin-boson model used in this paper 555

were adopted from Ref. 80, where they were obtained from quantum- 556

mechanically exact PFIs calculated via the tensor-train thermo-field 557

dynamics (TT-TFD) method. 558

The derivation of Eq. Eq. (5) begins with the definition of the 559

time evolution operator, Eq. (4). Plugging Eq. (4) in Eq. Eq. (3), 560

we obtain: 561

d

dt
G(t)σ̂(0) = −

i

~
〈L〉0nG(t)σ̂(0)−

∫ t

0
dτ K(τ)G(t− τ)σ̂(0). [21] 562

Then, by eliminating the σ̂(0) on both sides, we reach Eq. Eq. (5), 563

which was then solved for G(t) numerically via a Runge–Kutta 564

fourth-order (RK4) algorithm (28). 565
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