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An integrated approach to ladder and shift operators for
the Morse oscillator, radial Coulomb and radial oscillator
potentials

Ian L Cooper
Department of Chemistry, The University, Newcastle upon Tyne NE1 7RU, UK

Received 17 July 1992

Abstract. The Morse oscillator, radial Coulomb and radial harmonic oscillator problems
can be solved exactly using a variety of algebraic methods. These problems correspond to
different realizations of the so(2,1) algebra and a comparison of the generators of the
algebra may be used to identify mappings between each pair of systems. The resultant
transition operators act. as ladder, or energy changing, operators in the cases of the
Coulomb and harmonic oscillator potentials, whereas they act as shift operators, acting
at constant energy, in the case of the Morse potential. This is a consequence of the
30(2,1) dynamical symmetry, whereby the Morse Hamiltonian is expressible solely in
terms of the Casimir operator of the algebra. An alternative algebraic approach, the use
of the method of supersymmetric quantum mechanics, or factorization, produces in each
case a set of shift operators. Relations between the various ladder and shift operators may
be identified by means of the appropriate mappings, and these results can be generalized
so as to relate the ore dimensional Morse oscillater to the radiat Coulomb and radial
harmonic oscillator potentials involving an arbitrary number of angular dimensions.

1. Introduction

The application of algebraic methods to quantum mechanical problems has seen
rapid expansion in recent years. The factorization method (Schrddinger 1940,
Infeld and Hull 1951) has received renewed attention following the development
of supersymmetric quantum mechanics (Witten 1981, Sukumar 1985), and it has been
demonstrated that the two approaches are indeed equivalent (Alves and Drigho Filho
1988, Montemayor and Salem 1989). Systems displaying dynamical symmetry can also
be treated with algebraic techniques (Arima and Iachello 1974, Perelomov 1985) and
the potential group approach has been applied (Alhassid e af 1983, Wu and Alhassid
1990, Englefield and Quesne 1991) to the case of the Morse potential, thereby
relating states of the same energy but belonging to different potential strengths (i.e
corresponding to displaced Morse potentials). This is aiso related to the concept
of shape invariance (Gendenshtein 1983), and it has been demonstrated {(Alves and
Drigho Filho 1988) that the set of shape invariant potentials is essentially the same
as that obtained by the factorization approach.

We shall consider here three important exactly solvable potentials, namely the
radial Coulomb, Morse oscillator and radial harmonic oscillator potentials, which have
been the subject of considerable interest in the development of algebraic methods
to exactly solvable problems. These problems have been shown to correspond to
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1602 I'L Cooper

different realizations of so(2,1) symmetry (CiZek and Paldus 1977, Berrondo and
Palma 1980, Wu and Alhassid 1990) and have all been trcated by the methods of
factorizatior or supersymmetric quantum mechanics (Haymaker and Rau 1986, Dutt
et al 1987, Ding 1987, Drigho Filho 1988). In the present paper, these algebraic
methods will be applied to the above three solvable potentials within the context
of a common framework in order to construct the set of transition operators which
conncct adjacent energy eigenstates, and the common so(2,1) symmetry will be
exploited to generate explicit mappings between the transition operators for each
pair of potentials. Operators connecting states of the same energy will be termed
shift operators to distinguish them from ladder operators connecting states of different
energy. These ladder and shift operators are of considerable value in the algebraic
determination of matrix elements involving exact eigenstates. The set of ladder
and shift operators for the Coulomb problem will be shown to be derivable from
a combination of so(2,1) symmetry and the method of supersymmetric quantum
mechanics, in contrast to the Morse potential, for which the two approaches lead to
the sarme set of shift operators connecting Morse potentials displaced in both well
depth and equilibrium position. This can be traced to the different structures of the
two problems (Wehrhahn and Cooper 1992), in particular to the dynamical symmetry
of the Morse problem whereby the Hamiltonian is related to the Casimir of the
algebra. In the case of the radial harmonic oscillator, application of so(2, 1) symmetry
penerates Jadder operators at a constant value of angular momecntum quantum
number, whereas application of the method of supersymmetric quantum mechanics
leads to shift operators between eigenstates which are forced into degeneracy through
displacements in the zero of energy. Such displacements are permissible in this
particular problem since there is no dissasociation or ionization limit to act as a
constraint. Ladder operators for the Morse osciliator and true (constant energy) shift
operators for the radial harmonic oscillator can be generated from the Coulomb shift
operators by the use of the appropriate mappings.

The plan of the current paper is as follows. In the next section, we discuss a
unified algebraic approach to bound states of the thrce problems based on so(2,1)
symmetry. The relevant transition operators are identified, together with mappings
between the bound states of each pair of problems. The following section discusses
each problem from the point of view of supersymmetry or factorization, and various
connections between the resultant shift operators and the transition operators arising
from so(2,1) symmetry are identified. The mappings between each pair of problems
are then used to generate the remaining ladder and shift operators in each case
and the inter-relations are displayed explicitly. Generalization of these results to an
arbitrary number of angular dimensions in the case of the Coulomb and harmonic
oscillator problems are then straightforward. The paper ends with some concluding
remarks.

2. s0(2,1) algebraic treatment

Algebraic approaches to the Coulomb problem are well established (see, for example,
Englefield 1972) as are those for the Morse oscillator (Huffaker and Dwivedi 1975,
Berrondo and Palma 1980). Here, we shall present a simple unified approach to
the radial Coulomb, Morse oscillator and radial harmonic oscillator problems using
s0(2,1) symmetry, following the treatment of Ci¥ek and Paldus (CiZek and Paldus
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1977, Berrondo and Palma 1980). This particular approach, which was developed
for bound state problems, demonstrates that the above three systems correspond to
different realizations of the algebra so(2,1). Although the method can be shown to
generate the eigenvalue spectrum directly, we shall assume for convenience that the
eigenvalues are known in each case.

2.1. Coulomb problem
In atomic units, the radial Schridinger equation for a one electron atom with nuclear

charge Z becomes

+1 2Z  Z*
dr2 ( 1 ) _ =+ S| =0 2.1

where ! is the angular momentum quantum number, n{= v <4 {+ 1) is the principal
quantum number, and » (used in preference to n,. in order to facilitate comparisons
among the various systems) is a quanium number which denotes the number of radial
nodes.

We introduce the n-dependent variable p by the relation

p=—r 2.2)

n

and equation (2.1), after multiplication by p and rearrangement, gives

d? (l+1
~pgez+ D 4ol = 200, 2.3)

We now define the operators
W, =p (2.4)

d? I(l+1
W3=-Pa“?+(p ) (2.5)

with commutator
d ,
[W), W3] = 2p-— i = 2W, {2.6)

where W, is given by

d

W, = —lpdp

@7

The set of operators
Ty = 3(W; - W)
T,=W, (2.8)
T = §(Wy + W))
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have commutation relations characteristic of the algebra so{2,1) (Englefield 1972,
Wybourne 1974)
[T, T) = —iT;
73, T3] =iTy 2.9)
[75, 7)) = iT.

Equation (2.2) then becomes an eigenvalue equation for T, with eigenvalue n,
namely

Ty =np, = (v+ 14+ Dy, (2.10)
The Casimir operator of the algebra so(2,1) is given by
Co=T} T - T? = W, Wy — Wy(W, +1) = I(I + 1) (2.11)
so that
Cohyy = U1+ Db, . @12)

Since the eigenvalues of the Casimir operator of the algebra are characterized by the
value of the angular momentum quantum number, the irreducible representations are
characterized by {. From equation (2.10) we note that the eigenvalues of the Casimir,
T;, of the subalgebra so(2) correspond to the principal quantum number and hence
determine the energy.

We may construct transition operators by the presecription

T, =T %iT, = %(W3 - W) £iW,. (2.13)
Hence
d 1 d (141
Ti—hipa—[.ip[_d_;ﬁ-]-_};z——_ ]
d 1 @  I(I+1) 2n
= +p—— p|-— - = i 2.
P p+n+2p[ 27 p +1] @19

Provided that the operators 7, are assumed to act on eigenstate ¢, ,;, With
n = v+ [+ 1, then equation (2.14), in corjunction with equation (2.3), becomes

d
T, = :I:pa; -p+n. (2.15)

Note that the operators depend both explicitly and implicitly (via p = Zr/n) on the
value of n and act on an eigenstate which is characterized by this value of n.

From the commutation relations (2.9), we find
50 that

LTty ) = (n 2 (T, ). 2.17)
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Thus Ty, ; o %,41,;, and the constants of proportionality may be determined as
follows:
Since

Tl =T(GF) -G =[n(rnF 1) - (I +1)] (2.18)
we have
T, T %, = [n(n - 1) - 04+ Dlw, 2.19)

so that, choosing & phase factor of unity

T_t,; =[n(n-1) =11+ 1)]"?p, ;. (2.20)
Similarly, from the relation
T Ty =[n(n+1) -1+ Dy, (2.21)

we have
Ty tyy = [n(n 4+ 1) = 1+ D], 40 2.22)

These represent ladder operators for the Coulomb problem, changing the energy
within an irreducible representation of se(2,1) ie. at constant value of /. However,
care must be taken with respect to the dependence on p. Specifically, these operators
convert a function of p = Zr/n into a function of p = Zr/(n x1). Also, since
we are dealing with radial wavefunctions, the correctly normalized wavefunctions
should be multiplied by the radial coordinate r, which has to be converted to the
n-dependent coordinate p. This requires that we multiply 1, ; by n/Z, and v, 4,
by (n £ 1)/Z, noting that the term in Z will cancel out. Hence, denoting these
Coulomb ladder operators by L., we have

d
Ly=2p——p+ 2.23
s =kpg —ptn (2.23)
such that
ntl

where n = v 41+ 1. Note that L_1,, = 0 as required, and this result may be used
to derive the ground-state eigenfunctions for specified values of { by solution of the
corresponding first order differential equations.

2.2. Radial harmonic oscillator

The radial Schrédinger equation for the harmonic oscillator is

B @ i+ DR 1 |
[HEW + %_i)_ + i#wz’"z Yy = hw{2v + 1+ 3/2),, (2.25)
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where p is the reduced mass and w i8 the angular vibrational frequency of the
oscillator, { is the angular momentum quantum number and v is the vibrational
quantum number. Transforming to the dimensionless variable £ = r/e where

a=(hf ,uw)” ? allows us to rewrite equation (2.25) as

[ 1d&  i(I+1)

et GV wle-uriram]u, =0 (2:26)

Following the procedure in subsection 2.1 above, we define the generators
W, = 1¢2 (2.27)

[ @ i+
W, = 5[-@ + T (2.28)

381 1)

with the commutator

[Wy, W] = 6~ + = 2iW, (2.29)

d&

where
;= _i __d + l)
H’z = (f 3/ (2.30)

Defining the operators T (¢ = 1,2, 3) as in equation (2.8} with commutation relations
given in equation (2.9), yields, in this case, for the operators T; and C, the relations

Tythy s = 320+ 14 3/2)y, (231)
and
Cotpyy = (TF = TF - T, = HUU+ 1) = 3/4]w, ;- (232)

As in the Coulomb case, the Casimir operator of the algebra so(2, 1) determines the
angular momentum quantum number and the Casimir operator of the sub-algebra
so(2) determines the energy of the oscillator. In this case, the transition operators
T, have the form, when operating on state 1,

T, = 1(:I:£-gi-~£2+2v+!+ ) (2.33)

where we have dropped 2 term which is annihilated when opcrating on the state ¥, ;
Since the commutation relations are unchanged we still have

T:F Ti = Ts(T3 + 1) b 02 (2-34)
so that

Tety, = [B(Tx1) = Gl 2wy, (2.35)
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The effect of T; and C, in the present instance are given by equations (2.31) and
(2.32) respectively.

Thus, as in the Coulomb case, we generate ladder operators L which act 10
change the energy at constant value of the angular momentum quantum number.
Explicitly, these ladder operators have the form

L, = 1(i5d£i——£2+20+l+3) (2.36)
such that, from equations (2.31) and (2.32)

Ly, =1/2[(2v+ 1+ 3/2)(2v + 1+ 3/2£2) — i1 + 1) + 3/4} 2y, 4y, (237)

Note that, as in the Coulomb case, the precise form of these ladder operators depends
on the precise ejgenstate upon which they act.

2.3. Morse oscillator

We now consider the so(2,1) algebraic approach to the Morse oscillator (Berrondo
and Palma 1980). The Morse Hamiltonian is given by

H=-L € o p(1-ear-FN _p 2.38
- 2 dR‘z - e ( )

where D, is the well depth, u is the reduced mass, R, is the equilibrium separation
and o is the range parameter. Transforming to the dimensionless variable y =
o R—R,)} and defining the well depth parameter X via the relation A% = 2u D, /a?h2,
we obtain the reduced Hamiltonian (in units of o?h*/2u)

H—"‘12-+A2(1~e~y)2—)\2 (2.39)
allar .
The eigenvalues of this Hamiltonian are well known (Morse 1929)

E,=-(A-v-1/2)* (2.40)

where v, the vibrational quantum number, takes the values v = 0,1,2, ..., v,,, with
Vpax = Int(A — 172}, such that the number of bound vibrational levels is equal to Int
(A + 1/2) at specified value of well depth parameter A. Using the above eigenvalue
expression, we can rewrite the Schrodinger equation for the Morse oscillator in the
form

2
—eya%;—z +{(A—v—1/2)%" 4 A%e¥ hy y = 2374, 5. (2.41)

If we now define a new variable = according to the prescription
e”7 = de™¥ or r=y—Inai (2.42)

then equation (2.41) takes the form

2
[_ex'(;i'n_z + (A — 2 — 1/2)26.7: + e—m] w-u,l = 2}‘1’[’”‘)\_ (2.43)
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Following the procedures described previously for the radial Coulomb and radial
harmonic oscillator problems, we define the operators

W =e @44)

— mdz 2.z
Wy=—e* o+ (A= v -1/2)% (2.45)

with the commutator

d

(W, Wy]=1- 2E = 2iW, (2.46)
where
qfd 1
W, = 1(5 - 5)- (2.47)
Again introducing the operators 7; (¢ = 1,2,3) as in cquation (2.8), with

commutators given by equation (2.9), equation (2.43) becomes
T3y,n = At,n (248)

whereas, from the Casimir C,(= T7 — T7 — T#) of the algebra, we have

Cyby 5 = (A=—v—1/2)* =1/, , = (-E, =1/, ,. (249

Hence, for the Morse potential, the eigenvalues of the operator T, represent well
depth parameters which can vary by integer amounts, while the eigenvalue of the
Casimir of the algebra so(2,1) determine the energy. Hence so(2, 1) representations
correspond to Morse potentials at constant energy and this forms the basis of the
so-called potential group approach to the Morse oscillator (Wu and Alhassid 1990,
Englefield and Quesne 1991). Note that the present approach does not require
the introduction of an additional (angular) variable. In addition, in contrast to the
Coulomb case, in which the variable p is dependent upon the quantum number n
(and hence the energy) through the scaling p = Zr/n, and acts as a space dilation
operator, here the scaling involves the well depth parameter A, which acts to displace
the equilibrium position of the Morse potential via equation (2.42).

In the present case, when acting on the eigenstate 1, ,, the transition operators
T, have the form

d 1

where we have cancelled a term which vanishes identically under such circumstances.
In addition, we have

LTy ) = Te(TE ), = (A )TL 9, 5. (2.51)
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Since the eigenvalues of T, are displaced by unit steps, and since constant energy
implies a constant value of A — v, we must have

Tybyn o Pyprasr- (2.52)
Furthermore
T;Ti=Ts(T3:I:1)—CZ=A(A:I;l)-—(}\—v)(.\—v—l). (2.53)

Thus these operators act as shift operators for the Morse potential, acting to change
the well depth parameter while conserving the energy. From equation (2.42), we note
that the variable « also depends on the weil depth parameter A, so that we have
generated a sequence of Morse oscillator potentials, displaced in both well depth
and equilibrium separation. This will be discussed in more detail when considering
supersymmetry and shape invariance for the Morse oscillator potential.

In summary, we have generated for the Morse potential shift operators which
connect states of displaced Morse oscillators, with differing numbers of bound states
and different equilibrium separations, at constant value of the energy. This is in
contrast to the radial Coulomb and harmoenic oscillator problems, where the operators
act as Jadder operators, changing the energy. This difference may be attributed to the
fact that the Casimir of the algebra so(2,1) for the Morse potential depends on the
energy eigenvalue, and so is directly related to the Hamiltonijan in this case. Hence
we have generated the shift operators §, defined by

d 1
such that
S:f:llbv,)\ = [)\(}\ + 1) - (A - U)(a\ - - 1)]]/2'(;'“*")‘*1. (2.55)

3. Mappings between systems

It has long been known that the systems discussed above are connected, at least
in a pairwise manner, and this is usually demonstrated by means of a similarity
transformation on the relevant Schrédinger equation. In particular, the Morse
oscillator has been related to the radial Coulomb problem (Morse 1929) and also
to the two dimensional harmonic oscillator (Montemayor and Urrutia 1983) although
it does not appear to have been explicitly related to the radial harmonic oscillator.

This section is designed to demonstrate the close relationship of these problems,
within 2 common framework, and it will be demonstrated in a later section that these
mappings can be extended to cover the radial Coulomb and radial harmonic oscillator
problems in an arbitrary number of angular dimensions. We shall provide here an
approach to mappings between each pair of systems which is based on the so(2,1)
realizations presented in section 2. Although we shall consider the mappings in a
single direction only, it is obvious that the mappings are indeed reversible. We shall
consider each pair in turn.
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3.1. Coulomb-harmonic oscillator mapping
From the definitions of W), given in equations (2.4) and (2.27), we obtain the mapping
p— %52 (3.1)

from which equation (2.7) becomes

. d i_d
WZ = —'lpa; —_— —EEE. (3.2)
Comparison with equation (2.30) shows that a similarity transformation of the form
EXW,£6~ is required, implying o == —-;—. Hence we apply the mapping (with
accompanying similarity transformation)
W, — W, = ¢~ V2w,e"/2 = - 5.‘3. + 1. (3.3)
z 2\*de " 2
Note that the transformed operators
j‘; = {—1/2]’;51/2 (34)

have precisely the same commutation relations as the T; themselves.
A comparison of the eigenvalues of the operator T in equations (2.10) and (2.31)
permits the identification

n=vltl— 20+14+3/2)/2 (3.5)
so that we have
[ — %I-— -} (3.6)

It is then a straightforward matter to confirm that the eigenvalues of the Casimir
operator map consistently from I({ + 1) to 1[{(l + 1) — 3] as required. With the
above change in ! value, eigenstates of the radial Coulomb problem are mapped
systematically on to those of the radial harmonic oscillator.

Finally, the transition operators T, given by equation (2.15), become, following
the above identifications and the appropriate similarity transformation

_ d I d 1 2 3
T, —:I:pa;-—-p-i-n——r E[i(sﬁ+ 5) ~&+2v4 4 2] 3.7
as required by equation (2.33).

3.2, Radial harmonic oscillator-Morse oscillator mapping

In this case, from a comparison of equations (2.27) and (2.44) for W), we have
1g2 e® (3.8)

and application of this mapping to equation (2.30) for W, yields

if.d 1y . fd 1
W, = "E(EE + 5) — l(a - Z)’ (3.9)
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As in subsecion 3.1 above, by comparison of equations (2.47) and (3.9), we require a
similarity transformation, which in this case is easily seen to give

) d 1
=e*We " =i —— - ). }
W, — W, = e*/*W,e 1( o 2) (3.10)

From a comparison of the eigenvalues of T3, given in equations (2.31) and (2.48), we
have

v+ 42—
or, equivalently

%l——-rA—v——i—’ (3.11)
where we note that { = constant is transformed into A — v = constant, which implies
constant energy in the case of the Morse oscillator (see equation (2.40)). It is a
straightforward matter to confirm the mapping of the Casimir operator C, (from
equation (2.32))

C=(G-00E+) — Q- -v-1) (3.12)

as required by equation (2.49). Thus the eigenstates of the radial harmonic oscillator
are systematically mapped on to degenerate eigenstates of a sequence of displaced
Morse oscillators, with each value of ! mapping on to a particular energy level of the
sequence of Morse oscillators.

Finally, we can confirm from equations (2.33) and (2.50) that the transition
operators T, (given by equation (2.33)) are transformed correctly as follows:

To=sle(eg+3)-ermrrd] —5(E -3 ra-e oy

using the appropriate similarity transformation, in agreement with equation (2.50).

3.3. Radial Coulomb-Morse oscillator mapping

In this case, from a comparison of equations (2.4) and (2.44) for W), we have
p s e (3.14)

from which equation (2.7) for W, transforms as

W, = (3.15)

—lpd-—; — ]a .

Comparison with equation (2.47) shows that we require hete the similarity
transformation

W, — W, = e“/ZWZe"’”“ = l(ad:; - %—) (3.16)
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From equations (2.10) and (2.48) for T, we have

n=vdl41— A
or, equivalently

l—x-v-1 (3.17)
from which we can verify the relation

Co=1l4+1)—(A—v-1D(A-2v) (3.18)

in accordance with equations (2.12) and (2.49).
For the transition operators, T,, we have the mapping (including similarity
transformation)

Ti=:!:pa%—p+n——+:|:(a%m%)+)\we'w , (3.19)
as required from equations (2.15) and (2.50). Note again that constant ! is mapped
on to copstant A — v, which corresponds to constant energy in the case of the Morse
oscillator. So we can systematically map the set of Coulomb eigenstates, for each value
of the ! quantum number, on to the set of degenerate eigenstates of a sequence of
displaced Morse oscillators.

We have demonstrated that the various problems may be transformed into each
other by a simple change of variable and accompanying similarity transformation,
where the appropriate mappings may be easily identificd from the common so(2,1)
algebraic formulation. In addition, the energy levels of each of the three problems
can be sytematically mapped on to energy levels of the other two, provided that the
Morse oscillator is generalized to encompass a set of displaced Morse oscillators,
with well depth parameter shifted by unit steps, thereby changing the number of
bound levels by one unit. This pattern is precisely that found in supersymmetric
quantum mechanical treatments of the Morse oscillator (Sukumar 1985), where the
supersymmetric partner potential to a given Morse oscillator has the same set of
energy eigenvalues except that the ground level of the parent is absent. This will be
discussed further in the next section.

4. Supersymmetric quantum mechanical treatment

In this section, we provide an alternative algebraic approach to the three problems,
which serves to highlight further the close connection between them. We employ the
method of supersymmetric quantum mechanics (Witten 1981, Sukumar 1985), which
is equivalent {Alves and Drigho Filho 1988, Montemayor and Salem 1989) to the
earlier factorization approach of Schrédinger (1940). Although some of the results
discussed below are known, we shall present a summary here in order to connect with
the so(2,1) algebraic approach discussed in section 2.
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4.1. Radial Coulomb problem

In contrast to our earlier discussion of so(2,1) symmetry, we shall use the unscaled
coordinate r, whereby the radial Schrédinger equation for the Couiomb problem has
the form

a? It4+1 22
[‘W + ( 72 ) T T ZEU,I] wv,l =0 @.1}

As before, v is the quantum number identifying the number of radial nodes.
We can factorize (4.1) in the form

al(Da(l)y, = 2AE, 1%, “.2)

where the ladder operators a(I) and al({) are given by

a(l) = % _4 t D z‘%—z (4.3)
and
ar(,;):_%_ (H;l) +%. @.4)
The energy expression AE, | is given by
AE,,=E,;—Ey; = zz<— - s+ = 2) (4.5)
v+ 1+ 200+ 1)

and refers to the excitation energy from the ground level corresponding to a particular
{ value. We have assumed in the above that the energy eigenvalues are known, but it
is a strajghtforward matter to determine these eigenvalues directly from the assumed
factorization of the Hamiltonian.

The above operators can be shown to change the angular momentum quantum
number at constant energy, thereby behaving as shift operators rather than ladder
operators (Haymaker and Rau 1986, Ding 1987, Valance and Morgan 1990). The
partner Hamiltonian a{{)al(l) can be expressed in the form

2 (I+D{{+2) 22 z?
@ e T Ty
=ai({+ Da(l+ 1)+ 2AE; ;. (4.6)

a(l)al(l) = -

The partner Hamiltonian corresponds to an increase in [ quantum number of one
unit, and has the same ejgenvalue spectrum as the parent Hamiltonian except that
the ground leve] of the parent potential is absent.

The action of the shift operators is as follows, where we assume normalized
wavefunctions

a(l), ;= J2AE, 1%, 1141 “.7)

af(l)wv—l,l-}-l =2AE, ¢, (4.8)
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Note that a'({) does not act on ), ; but on the result of operating on ¥, 1 With a(l),
which is 1, _;;,,. The operator which acts on 1, ; to increase the number of radial
nodes i8 af(l - 1), given by

d
2 (4.9)

Z
i1 = — =
at(l-1) d 7

{
- =
™
such that

(1= 1), = \/2AE, L1 11 ¥pirim1- (4.10)

In contrast to the so(2,1) algebraic approach, the supersymmetric approach generates
operators which transform degenerate states of the Coulomb problem into each other.
We summarize the results for the Coulomb shift operators as follows:

_/d U+ Z
S = (g - R+ Yo = BB 6D

d 1 VA
Sivui= (—gr =2+ 7 )b = BBt @12

4.2. Radial isotropic oscillator

In this case, the radial Schrédinger equation for the isotropic oscillator is (in reduced
units)

& (l41)
Tt

where v is the vibrational quantum number, { is the angular momentum quantum
number, and the energy eigenvalues arc given by

+&8-28, )[4, =0 (4.13)

E, =2v+1+3. (4.14)
Note that degeneracies involve eigenstates corresponding to either even or odd values
of [ in this case, the two sets being essentially disjoint.
We can factorize (4.13) in the form
alDa(tip, ; = 28 E, 1, (4.15)

where AE, ;= E, ;- E,, and where the shift operators have the form

a(l) = % - (H‘; D) + & (4.16)
and
al(l) = -% - (—l-ié-g +E&. (4.17)
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The partner potential a({)a?(!) then becomes

2
a(Da'(D) = _3%5 + %ﬂ +&2-2 ([ + %)

=al(i+ Da(l+ 1) +2(2) =a'({+ Da(l+ 1) + 24 E; ;. (4.18)

Thus the partner potential corresponds to an increase in ! of one unit and has the
same energy spectrum as the parent except for the absence of the lowest level.
Although this situation appears to be qualitatively the same as in the Coulomb
case we note that the energy spectrum of the partner, with [ increased by one
unit, has been shifted upwards by one unit to achieve the degeneracy required by
supersymmetry. As we move from [ = 0 to higher values of [ via supersymmetry, the
various energy level spectra are shifted upwards by { units for the partner labelled by
angular momentum quantum number {. This is possible since the energy zero is not
coupled to a dissociation limit in the present case.

From equations (4.15), (4.16) and (4.17), we can deduce the shift operator
relations (assuming normalized eigenstates)

a{l}h, ;= 2AE, 1%, 114 (4.19)
o' (Db, _q 141 = /20 E, 1%, (4.20)

or, equivalently

G,T(l - 1)¢v,2 = 2AE1J+1,!—11!)1J+1,I--1' (4.21)

Note that these are actually quasi-shift operators, which act to change the { quantum
number by =41, but also change the energy. The method of supersymmetric quantum
mechanics offers no direct route to the determination of proper shift operators which
should act at constant energy to change the [ quantum number by +2. If we denote
the above quasi-shift operators by V., their effect on normalized eigenstates is as
follows:

d I+1
Vo, = (&E - (-;—) + E) y = J2AE, ;%1141 4.22)

d P41
Ve, = (—@—( t )+£)¢,,,;=\/mEﬂ;,z_lab,,_l,Hl. (42)

4.3. Morse oscillator

It will be convenient here to use directly the Morse variable y as introduced in section
2. The Morse Schrédinger equation has the form

2
[-dd? + X _2\% Y - E, 4 |¥,, =0 (4.24)
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where the enmergy eigenvalues are E, , = —(A—v~1/2)°. We factorize this
equation in the form

GTCA)G(}‘)"PU,A = AEu,va,A (425)

where AE, \ = E, , — E; ,. Then

a(k):%-{-)\(l—e“"')-—% (4.26)
T d 1
at(A) == + ML= ")~ 5. @27

The partner Hamiltonian a(A)ef()) is expressible in the form

2
a(Nal()) = _dd_w + (A 1)2[1 - (A A :

2
)e"”] + A % (4.28)
or, equivalently, as
a(A)al(A) = (al(X) = 1)(a(X) - 1) + AE, . (4.29)

We note that the partner Hamiltonian corresponds to a displaced Morse oscillator
corresponding to a unit shift in well depth parameter, and also to a shift in
the equilibrium position of the oscillator. We note from equation (4.24) that
the energy spectrum of the Morse oscillator is independent of the position of
equilibrium. This is a particularly striking example of so-called shape invariance,
as defined by Gendenshtein (1983), whereby the partner potentials are related to
the parent by changes in certain parameters. A recent analysis of the concept of
supersymmetry shape invariance in relation to solvability (Montemayor and Salem
1989) has demonstrated that its domain of application is precisely the same as that
of the factorization method.

The operators a(X) and af(\) are shift operators, acting at constant energy. For
normalized eigenstates, we have

a{M), 3 = AE, y ¥,y a1 (4.30)

el (N, 0m1 = JAE, 3%, 5 (4.31)

or, equivalently

(at(/\} + 1)'%,)« = \/AEu+1,A+1¢u+1,A+1- (4.32)

The simple relationship between the shift operators for displaced Morse potentials
has been exploited previously (Cooper 1992) in a treatment of annihilation operator
coherent states of the Morse oscillator, whereby the ground-states of the various
partner potentials are eigenstates of the operator a{A) with unit eigenvalues. This
follows from the result a(A) — e(A)—1as A —- A -1
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If we now rewrite these equations in terms of the variable z introduced in the
so(2,1) algebraic approach in section 2, we have

a()\):d—i-—e‘“-i-)\—-;-zs_ (4.33)
(M) +1=— et A4S, @.34)
In addition, we have
BE, = 1(A-1/2 - (A= v - 1/2)4"
=AA=D-(A-v)A-v-1)" (4.35)
VAE o =3+ 1/2) - (A= v -1/2)7"
=[A(A+1) = (A —v)(A—v-1)]"2 (4.36)

We observe that the shift operators S, and S_, defined by equations (4.33) and
(4.34) with their action given in equations (4.35) and (4.36), are indeed identical to
those generated by the so(2, 1) algebraic approach, as given in equations (2.54) and
(2.55).

5. Additional ladder and shift operators via mappings

In the case of the Coulomb problem, we have demonsirated that a combination
of the 50(2,1) algebraic approach and that of supersymmetric quantum mechanics
yield ladder and shift operators respectively. In the case of the radial isotropic
oscillator, ladder operators are generated in the so(2, 1) algebraic approach whereas
the operators generated by supersymmetry change both the [ quantum number (by
+1) and the energy. In the case of the Morse potential, the two approaches generate
an equivalent set of shift operators. In this section, we will demonstrate that by use
of the mappings identified in section 3, we can generate ladder operators for the
Morse potential as well as true shift operators for the radial isotropic oscillator from
the shift operators corresponding to the Coulomb potential.

3.1. Coulomb shift operators — oscillator shift operators

Here, as shown in section 3, we have the following mappings:

p=Zrin — £2[2 (.1
which gives the relations

P — €2 and Zfn — L. (5.2)
Also

n=vti+l—uvt i+ (5.3)
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so that

1— -1 (5.4)
We note from equations (5.2) and (5.3) the further result

Z— (v+3l+3)/2 (5-5)

By use of the appropriate similarity trausformation (equation (3.4)) the Coulomb shift
operators {equations (4.11) and (4.12)) transform as

_otpagpae_ O 143/4 Z
S_=r"a(l)r I = +——~£+1
111d 141 4v
_’E[EE e T +2z+3] ¢-6)
— U4ty 1/4__i_l+1/4
S+ r a (l 1)1" — d'f‘ 7‘2 + l
1[ 14 v+ 1)
z[edg §+1+7E?T] 6.7

where we have performed the similarity transformation with respect to the original
variable prior to converting to the new variable. The constants of proportionality are

given by
VOEAE, ) — 5= 3[v(v+ 1+3/2]Y? (5-8)

and
@B, p1m1) — gr—gl(o + Do+ 14 1/2)]2. 59)

The above results take no account of any changes due to normalization. We shall
start from normalized oscillator wavefunctions and convert to Coulomb expectation
values to see how pormalized Coulomb wavefunctions should be modifed to yicld
normalized oscillator wavefuntions. Since r = £2, then d¢ = (r~1/2/2)dr. Also,
from the similarity transformation ¥ = r~1/44 we have 12 = r~1/24 so that

- 1 /1
—_— = — T .
[orag =3 [ v (5.10)

where the trapsformed (oscillator) wavefunctions are represented as v. Note that
radial eigenstates are involved in equation (5.10).

Since we are dealing with exact eigenstates, we can use the Hellmann-Feynman
theorem (Hellmann 1937, Feynman 1939) in the form

aH 9E,, Z
-1,2 Y Sl —_ vt — = X
/T‘ 't,bu,,dr - <az >v,l bt BZ nz (5 11)
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since E, ; = ~Z%/2n?% The shift operators act at constant n, so this result indicates
that there is no further contribution from a change in normalization in this case.
Hence the relevant oscillator shift operators become
. .

S_os = gr3low+ 143721, 11 (512)

- 2
Spthe = m[(v +D(v+ 1+ 1/2)]1/2¢v+1.1-2 (5.13)

where S, are given by equations (5.6) and (5.7) respectively. The ! quantum number
of the oscillator changes by £2 when the [ quantum number of the Coulomb system
chages by =1, as a result of equation (5.4). Thus the Coulomb shift operators
arising from supersymmetry may be mapped on to oscillator shift operators, which
are not obtainable directly either by the use of so(2,1) symmetry or by the method
of supersymmetric quantum mechanics.

3.2. Coulomb shift operators — Morse ladder operators

Here, we shall use the Coulomb shift operators to generate ladder operators for a
single Morse oscillator. The shift operators derived above connect degenerate states
of displaced Morse oscillators. In the present case, we have (equation (3.14)) the
mapping p = Zr/n — Ae~¥ so that

r—e’ ¥ and Zfn— ) (5.14)
Since n = v+ {4+ 1— ), then

l—A-v-—-1 (5.15)
and, for consistency, using equation (5.14), we must also have

Z — M\ (5.16)

Using the appropriate similarity transformation (equation (3.16)), the Coulomb shift
operators (equations (4.11} and (4.12)) transform as

S =T’"1/25_r1/2=—d—— (1+1/2) + Z

dr r i+1
v 4 2
—— — ——— — _— — kd
g~ (Amv-1/2)e | L .17
S, =g 229 _ Y2 Z
dr r i
—-—»eyi—()\— —1/2)e¥ —L=L 5.18
dy v Py o= (>-18)
In this case, we also have
(2AE, ;) — AiU[U(ZA—-v)]UZ (5.19)

(BB, 1) — y—a—glo+ D@A v =D (520)

N —
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In order to account for any change arising from normalization, we follow the same
procedure as in subsection 5.1 above, to find

f e — / r~ e~ ldr = j r=2pdr. (5.21)
If we write L = [(l+ 1), we can again apply the Hellmann-Feynman theorem, giving
6H oK z?
-2 .2 _jea = v, =
fr Py dr = < 3L >M 5L = AE (5.22)

Since the Coulomb shift operators act at constant n, the only term of relevance is
the one depending on !, so that we need to incorporate (2 + 12 jnto Py O
effect the necessary normalization, requiring a compensatory factor of (21 + 1)~?

in 1/';,,1,. Hence, the Morse ladder operators L, act on normalized Morse eigenstates
as follows

B} 22 —20-1\Y2/ A /2.7
L—’!obv,.\ - (2}\ —2v + 1) (A — ‘U) [""(2A - 'U)] 10&1)—1,)\ (522)

. 24 —2v - 1\ /? A .

These ladder operators bave been obtained previously from the factorization
method (Huffaker and Dwivedi 1975), via transformation from the Coulomb problem,
but the present approach is more direct and shows explicitly the origin of the various
factors which appear in the final expressions. It is obvious that we could derive
these ladder operators from the radial isotropic oscillator, starting from the true
oscillator shift operators derived in subsection 5.1 above, by a similar treatment. It is
worth noting that the relation between the two-dimensional harmonic oscillator and
the Morse oscillator has also been used previously (Montemayor and Urrutia 1983,
Berrondo ¢ al 1987) to generate Morse ladder operators. We shall demonstrate in
the next section that the one-dimensional Morse oscillator can be related to the radial
Coulomb and radial harmonic oscillators in an arbitrary number of angular variables.

6. Generalization to I dimensions

We shall now consider a generalization of the above results to encompass radial
Coulomb and radial harmonic oscillator potentials in an arbitrary number of angular
dimensions. The topic of the D (or N) dimensional Schrodinger equation, in the
context of large N expanmsions, has been reviewed recently (Chatterjee 1990) and we
shall only consider here those results of direct relevance. For a particle moving in
a spherically symmetric potential in D dimensions, the radial equation has the form
(Louck 1960}

€ _D-1d  K(+D-2)

dr2 r dr r2

+V(r) —2Ev,,] boi=0 61
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where V(r) will correspond here to the Coulomb or harmonic oscillator potentials.
If we perform a similarity transformation to reduce this equation to Schrédinger form
by removing the term in d/d», we find

+ (D+2l-1)(D+21-3)
dr’z 4r2

+V(r) —ZE@,E]&‘,,I =0 (62

where 1, ; = r(P~D/2¢, .. The centrifugal term reduces to (1 + 1)/r? in the case
D = 3, as required.
If we define the quantity

A=l+(D2 3) (6.3)
then equation (6.2) can be written in the simple form
@ A(A+1
[—F‘P&'i‘v( r)— 2EvA]¢uA—O (6.4)

such that the effective radial Schrédinger equation for dimension D has precisely
the same form as for dimension D = 3, with the replacement of { by A, with A
given by equation (6.3). The energy eigenvalues for the Coulomb and harmonic
oscillator systems in D dimensions may be written down directly by comparison with
the three-dimensional case.

We shall we this result to generalize the various mappings discussed in the
earlier sections. The application of so(2,1) algebra (CiZek and Paldus 1977) and
the application of the methods of supersymmetric quantum mechanics (Alves and
Drigo Filho 1988) to the Coulomb and oscillator problems have both included this
generalization, but not in the context of relations between the systems themselves,
We shall consider here in addition the relation between these generalized problems
and the one dimensional Morse oscillator potential, by means of generalizations to
the mappings discussed previously. Since the resultant generalizations are provided
by the replacement of ! by A, as given by equation (6.3), only a summary of the
resuits will be provided here, since the derivations are equivalent to those discussed
in earlier sections.

6.1, Radial Coulomb problem

Following equations (2.23) and (2.24), the generalized Coulomb ladder operators act
on normalized eigenstates as

Latun= (055 = o1 o = (250 tn(n2 1) = A+ DI s

dp
(6.5)

where n = v+ A+ 1= v+ {414 (D -3)/2. Following equations (4.11) and (4.12),
the generalized Coulomb shift operators act on normalized eigentates as

_fd (A+D) | Z —
S—¢9.A = (a: - r + A + l)wu.z\ = 2AEU,A1‘[)U—1,.’\+1 (66)

d A Z
S-;-’}’u,n = (—E -—+ )‘Pu,f\ = \#2/—\ Ev+1,z\-—-l'|bv+l,i\—l 6.7)

where B, , = ~Z?/2(v+ A+ 1)?and AE, y, = E, , — Ey,.
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6.2 Radial harmonic oscillator problem

Following equations (2.36) and (2.37), the generalized oscillator laddet operators act
on normalized eigenstates as

1
Lubun= g (26 43 =€ 420 4 A4 3) =BT+ D - O s 69
where

T, = %(21; + A +3/2)
and

Cy = 3[A(A+1) ~3/4]
with A=1+(D-3)/2

The quasi-shift operators, given by equations {4.22) and (4.23), which act to
change the representation and also the energy, are generalized as follows:

d A41
Votua= (- EE2 4 )= PBEbuinn 69
d
V-:-"/’u,A = ( d£ - E + 5) 1.' A= VZA Eu+1,A-1¢u+1.A—1 (6.10)

where E, , = 2v + A + 3/2 in this case.
From section 5.1, the Coulomb shift operators themselves are generalized as
follows:

R R ¥
= 2A2+ [w(v+ A +3/21%4, g ia (6.11)
S+¢u,z\5%[—%3d§ S+,
ZA [(v-{-l (v-[—A-I—I/Z] Yyq1,a-2- (6.12)

We pote in addition that the above results are valid for the Coulomb and harmonic
oscillator systems in any number of angular dimensions, and the various mappings
discused in section 3 are also applicable to these generalized systems, with the
replacement of { by A. Specifically, the one dimensional Morse oscillator may be
mapped on to the radial Coulomb and oscillator problems in any number of angular
dimensions, and vice versa.

7. Conclusions

We have demonstrated that three of the well known exactly solvable potentials
coorespond to diferent realizations of the algebra so(2, 1), and that a comparison of



An integrated approach to ladder and shift operators ' 1623

the generators of the algebra may be used to identify mappings between each pair of
systems. The so(2, 1) transition operators act as ladder, or energy changing operators,
in the case of the Coulomb and harmonic oscillator systems, and as shift operators,
acting at constant energy, in the case of the Morse potential, in consequence of

the fact that the latter Hamiltonian is expressible solely in terms of the Casimir
operator of the algebra. Use of the methods of supersymmetric quantum mechanics,
or factorization, permit the construction of shift operators for the Coulomb problem,
and quasi-shift operators for the harmonic oscillator, which change the energy as
well a3 the angular momentumn ¢uantum number. The shift operators for the Morse
oscillataor as determined by supersymmetric quantum mechanics are equivaient to
those arising from the so(2, 1) algebraic treatment. By use of the mappings between
the various systems, the Coulomb shift operators can be used to generate ladder
operators for the Morse potential and true shift operators for the harmonic oscillator
potential. These results can be extended to encompass radial Coulomb and oscillator
problems in an arbitrary number of angular dimensions. In particular, we have
demonstrated that the one dimensional Morse oscillator can be mapped both to and
from radial Coulomb and oscillator problems in any number of angular dimensions,
and these two radial problems can be mapped to and from each other.

References

Alhassid Y, Girsey F and lachello F 1983 Phys. Rew Lewt 50 873

Alves N A and Drigho Filho E 1988 [ Phys. A: Marh, Gen. 18 3215

Arima A and lachello F 1974 Ann. Phys., NY 99 253

Berrondo M and Palma A 1980 L Phys. A: Math. Gen. 13 773

Berrondo M, Palma A and Lopez-Bonilla J P 1987 fnt J Quanmum Chen. 31 243
Chatterjee A 1990 Phys. Rep. 186 249

Citek T and Paldus J 1977 e I Quannom Chem. 12 875

Cooper I L 1992 L Phys. A: Math. Gen. 25 1671

Ding Y-B 1987 J Phys. A: Math, Gen, 20 6293

Drigho Filho E 1988 J Phys. A: Math. Gen. 21 L1025

Dutt R, Khare A and Sukhatme U P 1988 Am. J Phys. 56 163

Englefield M J 1972 Group Theory and the Coulomb Problem (New York: Wiley)
Englefield M J and Quesne C 1991 J Phys A: Math. Gen. 24 3557

Feynman R P 1939 Phys. Rev 56 340

Gendenshtein L E 1983 JETP Leit. 38 356

Haymaker R W and Rau A R P 1936 Am. J Phys. 54 928

Helimann H 1937 Einflilrung in die Quantenchemie (Leipzig: Deuticke) p 285
Huffaker J N and Dwivedi P H 1975 J Math. Phys. 16 862

Infeld L and Hull T E 1951 Rev Mod. Phys 23 21

Louck J D 1960 I Mol Spectrosc. 4 298

Montemayor R and Salem L D 1989 Phys. Rev A 40 2170

Montemayor R and Urrutia L 1983 Am. L Phys. 51 641

Morse P M 1929 Phys. Rev 34 57

Perclomov A 1985 Generalized Coherent Staves and thely Applicaions (New York: Springer)
Schrodinger E 1940 Proc. R Irish Acad. A 46 9, 183

Sukumar C V 1985 I Phys. A: Math. Gen. 18 157

Valance A and Morgan T T 1990 Am. J Phys. 58 487

Wehrhahn R F and Cooper I L 1992 in press

Witten E 1981 Nucl Phys. B 185 513

Wu J and Alhassid Y 1990 J Math. Phys. 31 557

Wybourne B G 1974 Classical Groups for Physicists (New York: Wiley)



