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1. Introduction 
The exact solution of problems with anharmonic potentials using algebraic meth- 

ods [l-51 allows for approximations in more complex collision problems [2-51 
involving anharmonic interactions between molecular fragments. In the case of 
the Morse potential, the original quantum solution [6] was found by transforming 
SchriMinger's equation to a Whittaker equation, equivalent to the radial part of the 
Coulomb problem [7]. Using this transformation, we can construct two different op- 
erator algebras associated with the Morse oscillator. The so(2,l) algebra contains 
ladder operaton that shift the potential sang& for a fmed energy level. The so(3) 
algebra, on the other hand, includes ladder operators that allow us to shift energy 
levels while having a fmed well depth. With these tools we have calculated matrix 
elements of some simple operators, as well as their recursion relations, in a straight- 
forward fashion [ 11. 

A different change of variable is used to transform [2] the Morse problem into 
the radial equation for a two-dimensional harmonic oscillator (HO). In this case, the 
energy eigenvalue of the Morse oscillator appears as the coefficient of the centrif- 
ugal term in the equivalent HO. It thus proves most convenient to introduce an addi- 
tional angular variable [ 1,2] in order to transform this augmented system into the HO 
equation in two-dimensions. The advantage of this procedure consists in being able to 
work with simpler commutation relations, namely those of the harmonic oscillator. 
We immediately notice that not all of the allowed quantum states of the 2-dimen- 
sional HO cornspond to physical states of the original Morse potential. Nevertheless, 
in order to calculate matrix elements for the physical problem at hand, we can use the 
HO algebra, replace the appropriate physical quantum numbers at the end, and finally 
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make the analytic continuation of the resulting expressions in the more general case 
of noninteger parameters. 

In particular, the case of imaginary parameters appears in the calculation of matrix 
elements for an arbitrary perturbing potential (more precisely, for a function in con- 
figuration space having a Fourier transform). Indeed, we can calculate these matrix 
elements by fmt Fourier transforming the perturbation, computing the matrix element 
of the relevant exponential, and transforming back to the original space [8]. 

By the same token, the algebraic relationships developed in this paper can be used 
to solve more complex problems involving the Morse potential, as is the case of 
molecular collisions including break-up processes, or where anharmonic effects be- 
come important. 

In Section 2 we obtain the appropriate mapping into a two-dimensional harmonic 
oscillator and the associated operator algebra. Section 3 includes the calculation of 
matrix elements between states of the Morse potential, with particular cases shown in 
Section 4, as well as comparison with earlier expressions. A general discussion is 
given in Section 5 .  

2. The Associated Operator Algebra 

The Morse oscillator is defined by the onedimensional potential 

V(x) = D(e-2” - 2 e - 7 ,  (1) 

with a minimum at the origin, a well depth D, and a scale parameter a. For a particle 
with mass mot we introduce the dimensionless length and energy variables 

as well as a dimensionless potential strength 

In these new variables, the Schriidinger equation reads 

with orthogonal wave functions normalized to 

A simple change of variable 

p = F x e - ~  

transforms Eq. (4) into the radial equation of a two-dimensional harmonic oscillator 
with unit mass and unit angular frequency: 
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In order to preserve the orthonormalization condition (3, we choose a metric dp/p, 
so that the nomalization condition is given by 

~ w w P ) d P l P  = a L / 2  

in the new variable p. Comparing with the equation for the two-dimensional HO 

we set that the HO eigenvalue 

W = X  

whereas the energy eigenvalue of the Morse potential corresponds to the square of the 
angular momentum quantum number: 

where 

so that the solution to Eq. (9) is of the form 

and arc normalized to one with the usual two-dimensional metric p dp d+ 
I-- 

for fixbd 1. 
The use of polar coordinates for the HO, however, does not allow for a straightfor- 

wad operator algebra. It is thus morc convenient to introduce the complex variable 

z = pe'" (15) 

together with its complex conjugate z * and their conjugate momenta p x  and pr.. The 

( 16) 

ladder operators 

A = fz + i p i ,  B = $z* - iP* 

fulfill the usual commutation relations. The only nonvanishing commutators are 
[A ,A t ]  = [B,  B t ]  = 1 .  ( 17) 
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The corresponding number operators 

N ,  = A’A, N’ = B ~ B  

yield the HO Hamiltonian 
% e , = N , + N 2 + I  

and angular momentum 

(18) 

In terms of the quantum numbers, and using Eqs. (10) and ( l l ) ,  we obtain 

K 4(nl + n2 + l),  E = -i(n2 - t t l ) ’ ,  (21) 

so that we can identify nl as the Morse oscillator quantum number n and rewrite 
(21b) as 

E, = -(K - n - 4)’. (22) 

Finally, the Hamiltonian for the Morse oscillator is given as 
= - + ( B ~ B  - A ’ A ) ~  = -4~:. (23) 

3. The Matrix Elements 

Let us start with the calculation of the matrix element of e+”, between two states 
of the Morse potential: 

Towards this end, and taking into account Eqs. (13)-( 15). let us consider the follow- 
ing matrix element in the HO basis: 

(25) M = (nlnlle p e-i”lnlnJ il‘q 2A-2 

whose angular integration is trivial. Using Eq. (U), we have 

M = (n;n;lzAlz-A~(nln2) 

if we choose 

X I  + A2 2h - 2 

hi - A2 = I’ - I 

Now, using the expansions 

and the well known relations [9] for the action of the ladder operators on HO states, 
together with their orthonormality, we get 
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with the restriction 

/3 = a + n; - nl = a  + n' - n .  (30) 
Equation (29) was obtained under the implicit assumption of having only positive 

integer powers in Eqs. (28). If we look at the analytic properties of M as a function 
of A, however, we immediately notice that M is a meromorphic function. Its analytic 
continuation is simply obtained by continuing the factorial functions into gamma 
functions [lo]. Rewriting this function in terms of the original Morse parameters and 
quantum numbers, using Eqs. (21a), (27) and (30), we get 

r ( x - n ' - i + ~ - a )  
, U = A i ( A - l L n - n ' ) (  0-0 a + n ' - n  (n - a)! 

The binomial coefficients are hence defined as [lo]: 

/z\ nr + 1) 

We next want to renormalize M according to Eq. (8) using the fact that I in Eq. (24) 
is pportional to M. Calculating M for A = 0, we obtain the orthogonality relation 
n = n ' ,  and the normalization factor 

This normalization factor diverges when n takes the value K + 1/2 and reflects the 
fact that this would coxrespond to an eigenstate with vanishing energy. So finally. we 
can write the (normalized) matrix element (24) as 

I = N,,. A - l + n - n ' ) ( A - l + n ' - n ) r ( X - n ' - l + h - a )  
a-0 a + n ' - n  (n - a)! 

whcre the factor N is given by: 

The phase factor appearing in Eq. (34) follows from the choice made in Eq. (32), 
which coxresponds to the usual convention [ll-121. A different convention was used 
in Rosen's paper [ 131. 

The expressions above can be also used to calculate matrix elements for a more 
general potential through the use of Fourier transforms [8], since they are valid for 
complex values of A. 



248 BERROND, PALMA, AND L~PEZ-BONILLA 

4. Comparison with Other Results and Particular Cases 

Rosen [13] obtained a different expression for the matrix element (24) by direct 
integration of the Whittaker functions. This expression is given by: 

where 

The two expressions (33) and (35) are equivalent, but they are not equal term by 
term. On the other hand, the formula given by Vasan and Cross [12] is equivalent to 
Rosen's term by term, after a slight redefinition of the summation index. 

We now give some particular cases that follow from Eq. (33). When n = 0, the 
summation reduces to a single tern, and hence 

(-)" (2K - 2n - 1 ) ( X  - (nle-hlO) = - + A)T(2K + A - n - 1) 
r(A) 

(37) 
On the other hand, we can also easily calculate the general matrix element for values 
o f A = l a n d A = 2 :  

( X I *  [ n ! r ( x ) r ( x  - n) 

and similarly, 

* [(n' + 1)(2K - n') - n(2K - n - l)]. (39) 

5. Conclusions 
The use of ladder operators with simple commutation relations simplifies the 

calculation of matrix elements for the Morse oscillator. A further simplification arises 
from the fact that the variable involved in the calculation is the sum of commuting 
operators, and hence we can use the binomial expansion directly. A change of metric 
from the two-dimensional HO to the Morse potential allows for the correct orthogo- 
nality properties. This has as a consequence that the hermiticity properties of the 
operators involved change from one space to the other. In particular, the ladder opera- 
tors in so(3) J ,  and J -  are nor the hermitian conjugate of one another in the physical 
metric, although the calculations are made with the HO metric (where they are hermi- 
tian), and the power of p is shifted at the end of the calculation. 
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Another interesting aspect of this calculation is that it yields a result that coincides 
with Rosen’s but is not identical term by term. This implies an involved identity be- 
tween sums of products of binomial coefficients that is not trivial. 

Finally we would like to add that the result obtained in Section 3 contains more 
general parameters than the pure Morse case. Some particular cases of Franck- 
Condon factors between displaced Morse oscillators can be obtained from this 
expnssion [8]. The fact that one has a closed algebra describing the problem can also 
be exploited to obtain transition probabilities for a model of collinear atom-molecule 
scattering [S, 141, although care must be exercised to account for the details men- 
tioned above regarding the change of metric. 
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